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Abstract

The design of GLDPC codes for the binary erasure
channel with low error floor under iterative decoding
is investigated. Both bounded distance and maxzimum
a posteriort decoding at the check nodes are considered.
For both check node decoding algorithms a key para-
meter is identified, discriminating between an exponen-
tially small and exponentially large expected number
of small size stopping sets. A code design technique is
proposed based on this theoretical investigation.

1. INTRODUCTION

Low-density parity-check (LDPC) codes [1] have at-
tracted an increasing attention in the last decade due
to their capacity-approaching performance, over a wide
range of channels, under low-complexity iterative de-
coding. An LDPC code is graphically represented as
a bipartite graph, or Tanner graph, where the nodes
are grouped into two disjoint subsets, namely, variable
nodes (VNs) and check nodes (CNs), such that each
edge can connect only two nodes from different sets.
Each VN is associated with an encoded bit. Each CN
is associated with a parity-check equation and can be
regarded as a single parity-check (SPC) code.

A wider class of codes is represented by general-
ized LDPC (GLDPC) codes. They generalize LDPC
codes in that the CN set is allowed to be composed
of generic (not necessarily SPC) linear block codes.
GLDPC codes with a uniform VN set and a uniform
CN set were first introduced in [2], where it was shown
that CNs with a good minimum distance are beneficial
in terms of the overall minimum distance.

In this paper we focus on irregular GLDPC codes,
whose VN set and CN set are composed of VNs with
different degrees and of a mixture of different lin-
ear block codes, respectively. Specifically, we investi-
gate the design and construction of iteratively decoded
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GLDPC codes with low error floor over the binary era-
sure channel (BEC). Two different erasure decoding al-
gorithms at the CNs are considered, namely, bounded
distance (BD) and mazimum a posteriori (MAP) de-
coding. Assuming there exist VNs and CNs with min-
imum distance 2, the first-order term of the Taylor ex-
pansion of the stopping set size growth rate is evalu-
ated analytically, for both algorithms, in order to ob-
tain guidelines for the code design. Moreover, a key
parameter depending only on the minimum distance 2
VNs and CNs is obtained, discriminating between an
asymptotically large or an asymptotically small num-
ber of small linear-sized stopping sets. A code design
technique is proposed accordingly.

2. PRELIMINARIES

2.1. Notation

We denote by n and m the length and the number of
CNs of a GLDPC code. In its Tanner graph, the num-
ber of edges connected to any node is the node degree.
We assume there are I different CN types. For each
CN type i € {1,...,Ic}, d; and d; denote the degree
of a type-i CN and its minimum distance, respectively.
The VN degree distribution from an edge perspective
is A(z) £ 3,05 Aiz'™1, \; being the fraction of edges
connected to the degree-i VNs. Analogously, we de-
fine a CN degree distribution from an edge perspective
as p(r) £ 3, pix¥~L, p; being the fraction of edges
connected to the type-i CNs. Note that

n_JA (1)
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where [\ £ fol AMz)dz and [p = fol p(z)dz. We
denote by r the smallest minimum distance among the
CNs and, for = 2, by pa(z) the contribution to p(x)
of the d = 2 CN types, i.e.,
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Moreover, we denote by p the smallest VN degree.

Given a length-d non-zero codeword of a CN, we say
that a subset of the d CN sockets covers the codeword
if no ‘1’ bit of the codeword corresponds to a socket
not included in the subset. The (Z) possible choices
of u out of the d sockets are index from 1 to (Z) We
let d,,; be an indicator function such that 4, ; = 1 if
the j-th choice of u sockets covers at least one non-zero
codeword of the CN, and d,, ; = 0 otherwise.

The multiplicity of the weight-u codewords of a
type-i CN is denoted by Agf). For r = 2 we let

o Zpi

ild,=2

245
—_—. 3
> ®)
Finally, we denote by coeff(p (), x?) the coefficient of
x! in a polynomial p (z).

2.2. Stopping Sets of GLDPC Codes

A stopping set is any subset of VNs associated with
an uncorrectable erasure pattern over the BEC. The
number of VNs a stopping set is composed of is its size.
Within the context of LDPC code iterative decoding, a
stopping set is defined as any subset of VNs such that
if a CN is connected to it, it is connected to it at least
twice [3]. For GLDPC codes under iterative decoding
we need different stopping set definitions for different
erasure recovery algorithms at the CNs.

Definition 1. A stopping set of a GLDPC code with
BD erasure decoding at the CNs is any subset of VNs
such that if a CN with minimum distance d is connected
to it, it is connected to it at least d times [4].

Definition 2. A stopping set of a GLDPC code with
MAP erasure decoding at the CNs is any subset of VNs
such that if the value of these VNs is unknown, then no
information set is known for any CN connected to it.

Using results from [5, Appendix IV] it is possible to
show that Definition 2 is equivalent to:

Definition 3. A stopping set of a GLDPC code with
MAP erasure decoding at the CNs is any subset of VNs
such that if a CN is connected to it, the CN sockets con-
nected to it cover at least one non-null CN codeword.

2.3. Valid Assignments

Any subset of a Tanner graph edges is called an
assignment, and the number of assignment edges is
called the assignment weight. Calculating the Taylor
expansion of GLDPC codes stopping set size distribu-
tion mostly relies on the concept of valid assignment.
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An assignment is valid from a VN perspective when
for each VN, either all the VN edges belong to the as-
signment or no VN edge belongs to it. The definition
of valid assignment from a CN perspective depends on
the erasure recovery algorithm used at the CNs.

Definition 4. In the Tanner graph of a GLDPC code
with BD erasure recovery at the CNs, an assignment
is valid from a CN perspective when, if an assignment
edge is connected to a CN with minimum distance d,
then at least d assignment edges are connected to it.

Definition 5. In the Tanner graph of a GLDPC code
with MAP erasure recovery at the CNs, an assignment
s valid from a CN perspective when, if a CN is con-
nected to the assignment, then the corresponding sock-
ets cover at least one non-zero CN codeword.

An assignment is said valid when it is valid from both
a VN and a CN perspective. There is a one-to-one
correspondence between stopping sets and valid assign-
ments, for both BD and MAP decoding at the CNs.

2.4. Growth Rate of the Stopping Set Size Dis-
tribution

Let G be the Tanner graph of a length-n GLDPC
code randomly drawn from an ensemble defined by
A(z), by the CN type set and by p(z). Let Ngs sp(G,¥)
and Ngsmap (G, ¢) be the number of stopping sets of
size £ in G under BD and MAP erasure recovery at the
CNs, respectively. The growth rate of the stopping set
size distribution is defined as

Gss(w)

(4)

where Ngg(G, lwn]) = Nssgp(G, |[wn]) for BD CN de-
coding and Nss(g, LwnJ) = NSS,MAP(g, Lwnj) for CN
MAP decoding, and where the expectation is over all
the GLDPC codes of the ensemble.

lim %lnE[Nss(ga lwn)]

3. THE MAIN RESULT

We are interested in the growth rate of the small
size stopping sets, as they mainly affect the error floor
performance over the BEC. Therefore, we investigate
the first-order Taylor expansion of (4) around w = 0.

Lemma 1. Consider ym CNs of the same type, hav-
ing length d and minimum distance d. The number of
check-valid assignments of weight ém over these CNs is

coeff ((p(x))”m, xém)

where

1+ ZZ:Q 6 x*
S S )

BD CN decoding
p(z)

Oujx* MAP CN decoding.



Proof. See Appendix I.
The main result of this paper is claimed next.

Theorem 1. For an irreqular GLDPC' code ensemble
with r = p = 2, the Taylor expansion of the growth rate
of the stopping set size distribution is given by:

GSS,BD (w) = wln(/\’(()) p/Q(l)) + O(’UJQ) (5)
Gssvap(w) = win(N(0) C) + O(w?)

for BD and MAP decoding at the CNs, respectively'.

Proof. See Appendix II. O

Theorem 1 states that the parameters X\ (0)ph(1)
and A'(0) C, both depending only on the degree-2 VNs
and on the (dmin = 2) CNs, discriminate between an
exponentially large and an exponentially small num-
ber of small linear-sized stopping sets (under BD and
MAP CN decoding, respectively) for a randomly cho-
sen GLDPC code in the ensemble.

Remarkably, the expression of the first-order Taylor
series of Ggs map(w) is identical to that obtained in [7]
for the growth rate of GLDPC codes weight distribu-
tion. This fact reveals that the presence of an exponen-
tially small (resp. large) number of small linear-sized
codewords is always associated with an exponentially
small (resp. large) number of small linear-sized stop-
ping sets under MAP CN decoding.

It is readily shown that we always have p5(1) > C.
Then, the condition \'(0)p5(1) < 1 implies A'(0) C < 1,
but the opposite doesn’t hold. Consequently, GLDPC
codes drawn from ensembles for which N (0)C < 1,
even if characterized by a low error floor under MAP
CN decoding, may be affected by a high error floor
when switching to low-complexity BD CN decoding.

4. DESIGN AND CONSTRUCTION OF IR-
REGULAR GLDPC CODES WITH LOW ER-
ROR FLOOR

As the error floor over the BEC under iterative de-
coding is related to the minimum stopping set size,
GLDPC codes with low error floor shall be searched
among ensembles with X (0)p5(1) < 1 (for BD) or
N(0)C < 1 (for MAP).

The proposed code construction technique consists
of using a constrained version of the differential evolu-
tion (DE) algorithm [8] to design a GLDPC ensemble
with optimized BEC threshold under the constraints

IWithin the framework of the asymptotic stopping set dis-
tribution of irregular GLDPC codes, the role of A (0)C (or
A (0)p5(1)) is the same as that of A’'(0)p’(1) for irregular LDPC
code ensembles (and illustrated in [6]).
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Figure 1: Performance of a (2000,667) irregular
GLDPC code with X' (0)C = 0.9 and X (0)ph(1) = 1.2.
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Figure 2: Performance of a (6000,1200) irregular
GLDPC code with X' (0)C = N(0)p}(1) = 0.9.

N (0)ph(1) < B < 1 (for BD) or N(0)C < 8 < 1 (for
MAP), for some 0 < B < 1. The possible presence
of stopping sets whose size grows sublinearly with the
codeword length n imposes a judicious construction of
a Tanner graph matching the optimal distribution. To
this aim, the PEG algorithm is used in this paper. Note
that, in general, the closer 3 to 1, the better the thresh-
old, the higher the error floor.

We first constructed an irregular GLDPC ensemble
for which 0 < N(0) C < 1 < N(0)p5(1). We considered
a hybrid CN set composed of SPC CNs of length 7 and
(7,4) CNs with d =2 and Ay = 5.

We ran the constrained DE GLDPC ensemble op-
timization for a code rate R = 1/3 imposing a VN
degree ranging between 2 and 15, A'(0)C' < 0.9 and
A (0)ph(1) > 1.2. The returned VN degree distribu-
tion was A(z) = 0.2000 z 4 0.7118 22 4 0.0882 z* while



for the CN set we obtained pspc—7 = 0.6719 and
p(r,ay = 0.3281, with threshold ¢* = 0.540389 under
MAP CN decoding. Both values of § were achieved.

A (2000,667) R = 0.3335 code with this distrib-
ution was constructed using the PEG algorithm. Its
performance over the BEC, under iterative decoding
and assuming both BD and MAP CN decodings, is
depicted in Fig. 1. As expected due to the value
N(0)ph(1) = 1.2 > 1, we observe the presence of an
error floor under BD decoding at the CNs. This error
floor is at FER ~ 4 - 107°. On the other hand, no er-
ror floor is observed for the MAP counterpart down to
FER ~ 1075.

The previous example is useful to illustrate how the
same GLDPC code may have a different error floor for
a different CN decoding. We then searched for good
GLDPC codes with low error floor under both BD and
MAP decodings at the CNs. We ran the constrained
DE optimization for a code rate R = 1/5 requiring a
VN degree between 2 and 15, a CN set composed of
SPC codes with length 7 and (7,4) Hamming codes,
and A (0)p5(1) < 0.9. We obtained A(z) = 0.2470z +
0.5164 2% + 0.1666 2% + 0.0700 2%, pspc_7 = 0.6073
and pr_(7.4) = 0.3927, with threshold ¢* = 0.785950
under MAP CN decoding (quite close to the Shannon
limit 0.8). Again, 8 = 0.9 was achieved.

A (6000,1200) code was drawn from this distribu-
tion using the PEG algorithm. Its performance over the
BEC is depicted in Fig. 2. This code exhibits a water-
fall performance quite close to capacity under CN MAP
decoding, with no error floor observed under both BD
and MAP decoding down to values of FER smaller than
1076. For both CN decoding algorithms the tiny gap
(in error rate) between the FER and the BER curves
is an indicator of a large minimum stopping set size.

5. CONCLUSIONS

This paper investigated the design of GLDPC codes
with low error floor over the BEC, under BD and MAP
CN decodings. In both cases a key parameter was iden-
tified, discriminating between an exponentially small or
large expected number of small size stopping sets. This
analysis led to a simple code design technique.

APPENDIX I: PROOF OF LEMMA 1

— d
Let p, = (%) and p, = Zj(;)l dy,; for BD and MAP
decoding at the CNs, respectively. The value of p,,
represents the number of valid assignments of weight
u with respect to Definition 4 and Definition 5. For a
randomly chosen assignment A over the ym CNs, we
consider the probability that A is valid (from a CN
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perspective) given that A has weight ém. We have
Pr{valid A|weight(A4) = ém}
_ Pr{weight(A) = dm| valid A} - Pr{valid A}
N Pr{weight(A) = ém}

(6)

Let AO™) be the total number of assignments over the
~ym CNs. Denote by Aj ’Ym) and by Aszgld) the subset of
AO™) composed of the assignments having weight dm
and the subset of A0 composed of the assignments

valid for the ym CNs, respectively. We can write
Pr{A has weight dm} = A((;llm)/A('ym)
and

(ym)
valid

Pr{valid A} = A
Hence (6) can be written as
Pr{valid A|weight(A4) = dm}

_ Pr{weight (A) = dm|valid(A4)} - A
- A(’Ym)

om

JAO™)

(ym)
valid

(7)

Furthermore, we have

ym

ALm)
vahd -

1+ Z P
We now define X; as the number of sockets selected
in the j-th CN (out of the ym CNs) by a randomly
chosen wvalid assignment over these CNs, and let X =
1™ X, (note that the X,’s are independent). We

j=1
denote by G;(s) the generating function of X, i.e.

(®)

Gj(s)

d
ZPr{Xj =u}-s"
u=0

1
1+30

dPu

d
1+ Zpu s (9)
u=d

Due to the independence of the X;’s, the generating
function of X, denoted by G(s), is given by

ym
d
1

G(s) = i ~m | 1+ Zpu s"

(1 + Zu:dpu> u=d

A 1
(p(s))™™ (10)
AGH

where we make use of (8). Recalling that Pr{X =

K} = [%} . We can develop (7) as
Pr{X =om}-ATR 1 [dCmp(s)m !
A(vm dm! d som) a0 A((;jnm)
coeff((p(s))r™, s°™)
'Aém



As (11) represents the probability that a random as-
signment of weight dm is valid for the fm CNs,
coeff((p(s))Y™, s°™) must represent the number of as-
signments of weight dm valid for the ym CNs.

APPENDIX II: PROOF OF THEOREM 1

_ a
Let p, = (5) and p, = Zj(i)l dy,; for BD and MAP
decoding at the CNs, respectively. We make use [9,
Lemma 19], recalled next for completeness.

Lemma 2. Let P(z) =1+ ZZ:d Dy ¥ such that p, €
N andd > 1. Then -

1
lim — Incoeff
n—oo n

() a)

ad ad ad

Tty (14 Inpg + O(«

Combining Lemma 1 and Lemma 2, we obtain
the following asymptotic expression for the number of
check-valid assignments of weight dm over ym CNs:

ol
(12)

Let w = [wy,...,wr.] be a real-valued vector such that
0<w;<1Viand} , w; = 1. For an irregular GLDPC
code, we wish to express the number of assignments of
weight am, valid from a CN set perspective and having
w;am edges connected to the CNs of type i.

The number of CNs of type i is given by m =

glng 2 (1 + ln(’ypd)) + 0(52)] } .

di J P’
Then, the number of valid assignments of weight w;am
over the CNs of type ¢ is expressed by (12) with v =
E_pfi p and § = w;a. By multiplying over the CN types
we obtain the number of valid assignments of weight
ma satisfying the constraint w:

[T {on[-

7

w;

d;

w;

d;

In

(1)
; iD
wict (1 +1In Pibg

(13)

The asymptotic expression of (13) as m — oo is
dominated by the distribution w which maximizes the
argument of the exponential. For this reason we have

%)
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to maximize (13) with respect to w, subject to the con-
straint 0 < w; <1Vi=1,...,Ic and > ,w; = 1. By
defining 7; = aw;, (13) can be written in the form

eplpd 4

M|
f(n) —eXp{ [Z d 7mdfp

where n = [n1,...,n1¢] and e is the Napier’s number.
The problem consists of maximizing f(n) subject to

>, mi = . Letting g(n) =Y. n; — a, we have

6f (J)d
6773

+0(a2)} } (14)

1
=—1In
d

=Jj

PiDPq
nid; [ p

dg

~J 1
on;

2

so that we obtain the system of I + 1 equations
In I)de 4
H + nid; [ p 0

{ Zmz—a

in the unknowns 1 and p, where p is the Lagrange mul-
tiplier. From each of the first /o equations we obtain

pil;

i=1,....1c

(15)

U editt (16)
Jr
s a0y e .
where K; £ = 7 . Substituting into the last equation
of (15), and letting z = e*, we obtain

(17)

Zpif;zdi =q«.

We are interested in valid assignments of weight ma
with a small. The expression on the LHS of (17) is
a polynomial in z with positive coefficients. For small
enough «, the LHS of (17) is dominated by the low-
est degree terms, i.e. by those terms associated with
the (dmin = r) CNs. For small enough « (17) is then
approximated by Zi\dizr Pi % 2" = «, which can be

written as 2" Zi‘d:r piJK—; = a, thus leading to

()

where K £ Zud.:r piK;. It is readily shown that for
r = 2 we have

K= { pa(1)

C
p5(1) and C being defined in (2) and (3), respectively.
Combining (16) and (18), we obtain the following so-
lution to the optimization problem:

_ { piKi| K

(18)

for BD CN decoding

for MAP CN decoding (19)

if
if

di:T
d;, >r+1

i
«

w; =

0



If we now substitute the maximizing w into (14), after
a few calculations we obtain the following asymptotic
expression for the the number of assignments of weight
am, valid from a CN set perspective:

o[22 (1m0 o]

(20)

The probability that a randomly chosen assignment
having weight am is recognized as valid by the CN set
can be computed as the ratio between (20) and the total
number of assignments of weight am. Since the total
number of edges towards the CN set is equal to m/ [ p,

(%
—+
;

the number of assignments of weight am is (mC{% ?),
which for large m can be further developed as?

(mo/éi”)z exp {m{—alna—i—a (1 —anl

Jrow)

(21)

Dividing (20) by (21) leads to exp{mI'} as the proba-
bility that a randomly chosen assignment of weight am
is valid for the CN set, with

““4W1Oni—1+m<rKfl/f>>+OM%

r
For » = 2 we obtain

N 2
exp{m{2ln2 2(1 ln(2K/p>>+O(a)}}.

(22)

Analogous calculations can be developed to express
the number of assignments of weight vn valid from a
VN set perspective. For p = 2, the obtained expression,

formally equal to (20), is given by
/
exp {n {—;ln <1+ln/\ (0)> —l—O(uQ)}}.
(23)

2/

In the limit as n tends to infinity, the average number
of GLDPC stopping sets, associated with assignments
of weight vn, is obtained as the product between the
number of assignments of weight vn valid from a VN set
perspective and the probability that an assignment of
weight vn is valid from a CN set perspective. We then
multiply (23) by (22), imposing the constraint vn =
am. Using (1) this product is equal to

I =

2y
2

v

2

exp {n [g In (M (0) K) + O(I/2)} } . (24)
2Here we make use of the expansion (22) =
exp [m (—alna+a(l +1n8) + O(a?))] - (14 O (1/y/n)), valid

for 0 < a < 8 < 1 (and following from Stirling’s approximation).
Note that, in our case, we have 8 = 1/f p.

b
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Taking the logarithm of (24) and further dividing by
n we obtain the first-order Taylor series of the growth
rate of the number of valid assignments of weight vn,
each one associated with a stopping set. The first order
term of the Taylor series is dominated by the degree-
2 VNs and (dmin = 2) CNs, that is, by subgraphs
composed only of degree-2 VNs and (dpin = 2) CNs.
Therefore, denoting by wn the stopping set size, we
have vn = 2wn which substituted into (24) leads to
(5) through (19).
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