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Executive Summary 

In an effort to find the most suitable channel codes for the OPTIMIX system, diverse schemes were 
investigated. Instead of purely relying on time-consuming Monte-Carlo simulations, we subtantially accelerated our 
investigations by sifting through a large set of candidates with the aid of Extrinsic Information Transfer (EXIT) and 
then confirm the performance trends for the most promising architectures using Monte-Carlo simulations. In this effort 
3-D EXIT charts are used to design binary Self-Concatenated Convolutional Codes employing Iterative Decoding 
(SECCC-ID), exchanging extrinsic information with the soft-decision demapper to approach the channel capacity. 
Recursive Systematic Convolutional (RSC) codes are selected as constituent codes, an interleaver is used for 
randomising the extrinsic information exchange of the constituent codes, while a puncturer helps to increase the 
achievable bandwidth efficiency. The convergence behaviour of the decoder is analysed with the aid of bit-based 3-D 

EXIT charts, for accurately calculating the operating 0bE N/
 threshold for our Sphere Packing (SP) aided tranceiver. 

Our best system configuration is capable of operating within about 1 dB from the channel capacity.   

As another meritorious design option, we investigate the performance of ultra-sparse low-density parity-check 
codes constructed from protographs. It is confirmed that these codes are capable of performing within only a few tenths 
of dB from the random coding bound for transmission over the AWGN channel. Hence, they are capable of 
outperforming diverse existing coding schemes, including state-of-the art turbo codes at the price of an increased 
decoding complexity. 

We also enhanced the achievable performance of existing erasure codes by extending their construction to non-
binary Galois fields for potential employment in wireless Internet scenarios. Furthermore, we also proposed a new non-
iterative Single-Error Multiple-Erasure (SEME) decoding algorithm for the maximum likelihood erasure decoding of 
Low-Density Parity-Check (LDPC) and Fountain codes. 

We then inceased the attainable system capacity with the aid of different Multiple-Input Multiple-Output 
(MIMO) schemes while considering the attainable diversity gains, multiplexing gains and beamforming gains. 
Following a brief classification of different MIMO schemes, where the different MIMO schemes are categorised as 
diversity techniques, multiplexing schemes, multiple access arrangements and beamforming techniques, we introduce 
the family of multi-functional MIMOs. These multi-functional MIMOs are capable of combining the benefits of several 
MIMO schemes and hence attaining an improved performance in terms of both their Bit Error Ratio (BER) as well as 
throughput. The multi-functional MIMO family combines the benefits of space-time coding, Bell Labs Layered Space-
Time scheme as well as beamforming. We also introduce the idea of Layered Steered Space-Time Spreading that 
combines the benefits of Space-Time Spreading, V-BLAST and beamforming with those of the generalised Multi-
Carrier Direct Sequence Code Division Multiple Access. Additionally, we compare the attainable diversity, 
multiplexing and beamforming gains of the different MIMO schemes in order to document the advantages of the multi-
functional MIMOs over conventional MIMO schemes.   

However, the benefits of these novel MIMOs node in the presence of the spatial correlation imposed for 
example by the insufficient antenna spacing of compact handsets, especially in the presence of shadow-fading owing to 
large-bodied vehicles, for example. As a radical design alternative, we hence created virtual MIMOs with the aid of 
cooperating single-antenna-based handsets, which experience independent fading owing to their larger physical 
separation. This system-architecture should not handover impose an excessive extra complexity on the shirt-pocket 
sized handsets. Hence the employment of coherent-detection-aided relay nodes should be avoided, because the 
estimation of the source-relay channel may impose a high complexity. This realization directed our attention to non-
coherently detected cooperative systems. 

It is widely recognized that differential decode-and-forward (DDF) cooperative transmission schemes are 
capable of achieving a cooperative diversity gain, while circumventing the potentially excessive-complexity and yet 
inaccurate channel estimation, especially in mobile environments. Our new design finds the optimum transmit-interval 
duration for the source and relay, which is commensurate with their adaptive channel-code rate in the context of 
TDMA-based DDF-aided half-duplex systems for the sake of maximizing the achievable network throughput. We also 
demonstrate from a pure capacity perspective, in what particular scenarios the introduction of cooperation is capable of 
usefully improving the achievable throughput. We also analyse the effects of power allocation in relay-assisted wireless 
communications.  

We then further refined our system design by introduction of joint coding and modulation. More specifically 
we propose an adaptive Turbo Trellis Coded Modulation (TTCM) aided Distributed Space-Time Trellis Coding (STTC) 
scheme for cooperative communication over quasi-static Rayleigh fading channels. An adaptive TTCM (ATTCM) 

scheme is employed by the source node during the first transmission period for reliably conveying the source bits to N  
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number of relay nodes by appropriately adjusting the code-rate and modulation mode according to the near-
instantaneous channel condition. The TTCM switching thresholds are chosen to ensure that the Bit Error Ratio (BER) at 

each relay node becomes lower than 
610−
 in order to minimise the potential error propagation imposed by the relay 

nodes. During the second transmission period, an N -antenna assisted Distributed STTC (DSTTC) scheme is created 

with the aid of the aforementioned N  single-antenna relay nodes. More specifically, the N  relay nodes are utilised to 
form STTC codewords based on the re-encoded TTCM symbols of the relays for transmission to the destination node. 
At the destination node, iterative extrinsic information exchange is performed between the STTC and TTCM decoders 
for recovering the original source bits. It is shown that the proposed ATTCM-DSTTC scheme requires 12 dBs less 

transmission power in comparison to a standard TTCM scheme when aiming for a frame error ratio of 
310−
.   
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1 Introduction 
 

This document describes the current status of the channel coding module and the modulation module. Various 
novel channel coding and modulation techniques are studied and proposed. This document is structured as follows. 

In Section 2.1, we analyse the bit-based SECCC-ID codes and design flexible SECCC schemes that are 
capable of near-capacity operation over both AWGN and uncorrelated Rayleigh fading channels. Extrinsic information 
is exchanged across three concatenated decoder stages and the achievable decoding convergence is studied using 3-D 
EXIT charts. It is demonstrated that the best SECCC schemes perform within about 1 dB of both the AWGN and 
Rayleigh fading channels’ capacity.  

In Section 2.2, the performance of ultra-sparse low-density parity-check codes constructed from protographs is 
investigated. It is illustrated how these codes can perform only a few tens of dB away from the random coding bound 
over the AWGN channel, outperforming existing coding schemes (including state-of-the art turbo codes) at the price of 
an increased decoding complexity. 

In Section 3.1, we provide a light-hearted perspective on further research advances in the field of multi-
functional MIMO systems and demonstrates how diversity, multiplexing and beamforming gains are achieved by multi-
functional MIMOs. We elaborate on the design of multi-functional MIMO schemes and describe the evolution of the 
idea of multi-functional MIMO systems. We also quantify the achievable performance of the different MIMO schemes 
and compare the different MIMO schemes in terms of their diversity, multiplexing and beamforming. 

In Section 3.2, we deduce the optimum time resource allocation (TRA)  policy for the sake of maximizing the 
DDF-aided cooperative system’s capacity, by utilizing information theoretical tools, which become useful in the design 
of near-capacity coding/decoding schemes conceived for cooperative systems, since the code rate employed by the 
source and RS is directly related to their allocated transmission duration, and may be adaptively selected according to 
our proposed TRA scheme. In the interest of achieving a high spectral efficiency, we also identify the scenarios, when 
the introduction of cooperation becomes beneficial from a pure capacity perspective. 

In Section 3.3, we propose an effective solution for mitigating the lack of temporal diversity, when 
communicating over quasi-static Rayleigh fading channels. The adaptive coded modulation scheme was utilised for 
protecting the source-to-relay links, while the distributed space-time code was employed for enhancing the reliability of 
the relay-to-destination links. It was shown that mobile units equipped with a single antenna are capable establishing an 
energy-efficient wireless cooperative network. 

In Section 3.5, some further developments in the field of relaying networks are presented. In particular, we 
analyse the effects of power allocation and reuse distance in relay-assisted wireless communications with mutual 
interference. 

In Section 4, several results on packet erasure correcting codes based on low-density graphs, including LDPC 
and Fountain codes. Specifically, the possibility to enhance the performance of existing erasure codes, under efficient 
maximum likelihood decoding, by extending their construction to non-binary Galois fields, is illustrated in Section 4.1. 
The basic idea is that the probability that a randomly generated matrix is full-rank and the decoding succeed-ability 
therefore is an increasing function of the Galois field over which the matrix is constructed. Moreover, the possibility to 
include the correction of (sporadic) errors within efficient maximum likelihood erasure decoding of LDPC and Fountain 
codes is considered in Section 4.2, leading to a new (non-iterative) decoding algorithm named SEME. The effectiveness 
of the algorithm in lowering the error floor due to undetected errors is proved by both simulation and development of 
tight performance bounds. 

In Section 5, the brief description of physical modules at the base station is presented in Section 5.1. Then, the 
implementation of one optional channel codec (Irregular Convolutional Code) and its design procedure are illustrated in 
Section 5.2. 
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2 Channel Coding 

2.1 Near-Capacity Iterative Decoding of Binary Self-Concatenated Codes Using Soft Decision 
Demapping and 3-D EXIT Charts 

2.1.1 Introduction  

The philosophy of concatenated coding schemes was proposed by Forney in [2]. Turbo codes, which were 
developed in [3] constitute a class of error correction codes (ECC) based on parallel concatenated convolutional codes 
(PCCC) of two or more constituent codes. They are high-performance codes capable of operating near the Shannon 
limit [4]. Since their invention they have found diverse applications in bandwidth-limited communication systems, 
where the maximum achievable information rate has to be supported in the presence of transmission errors due to both 
Additive White Gaussian Noise (AWGN) and channel fading. Various bandwidth efficient turbo codes were proposed 
in [5], [6] and [7]. Serially concatenated convolutional codes (SCCC) [8] have been shown to yield a performance 
comparable, and in some cases superior, to turbo codes. Iteratively-Decoded Self-Concatenated Convolutional Codes 
(SECCC-ID) proposed by Benedetto et al. [9] and Loeliger [10] constitute another attractive family of iterative 
detection aided schemes.  

The concept of Extrinsic Information Transfer (EXIT) charts was proposed in [11] as a tool for analysing the 
convergence behaviour of iteratively decoded systems. EXIT charts constitute a semi-analytical tool used to predict the 
SNR value where an infinitesimally low bit-error rate (BER) can be achieved without performing time-consuming bit-
by-bit decoding employing a high number of decoding iterations.  

SECCC is a low-complexity scheme involving only a single encoder and a single decoder. An EXIT chart 
based analysis of the iterative decoder provides an insight into its decoding convergence behaviour and hence it is 
helpful for finding the best coding schemes for creating SECCCs. An attractive approach to design Repeat-Accumulate 
(RA) codes using iterative detection and decoding using EXIT charts has been proposed in [12]. The RA code is a 
serial-concatenated coding scheme where a repetition code is employed as the outer code and a bit-by-bit accumulator is 
employed as the inner encoder. By contrast the SECCC scheme can be viewed as a parallel-concatenated coding 
scheme employing an odd-even separated turbo interleaver as discovered in [13]. Hence, the SECCC scheme is not the 
same as the RA code. Another major difference is that the RA codes in [12] are irregular and hence they tend to be 
more complex than our SECCC-ID scheme. Furthermore, SECCC-ID codes have not been characterised in the literature 
in terms of their decoding convergence.  

An SECCC-ID scheme was designed using Trellis Coded Modulation (TCM) as constituent codes with the aid 
of EXIT charts in [14]. The design proposed in [14] was symbol-based, therefore it had the inherent problem of 
exhibiting a mismatch between the EXIT curve and the bit-by-bit decoding trajectory. The main reason for the 
mismatch was that the EXIT charts were generated based on the assumption that the extrinsic information and the 
systematic information part of each TCM encoded symbol are independent of each other, which had a limited validity, 

since both the systematic and the parity bits were transmitted together as a single 
12n+
-ary symbol. More explicitly, the 

coded bits in each coded symbol are correlated [15],[16], hence they cannot convey the maximum possible information, 
which is equivalent to an entropy-or capacity-loss. Nonetheless, we found that the EXIT charts of the symbol-based 
SECCC scheme can be beneficially used as upper bounds, since the actual EXIT chart tunnel is always wider than the 
predicted EXIT chart tunnel. Hence, the analysis was still valid, since it assisted us in finding the convergence SNR. 
The scheme proposed in [17] employs binary Recursive Systematic Convolutional (RSC) codes as constituent codes to 
eliminate the mismatch between the EXIT curves and the decoding trajectory inherited by the symbol-based TCM 
design by proposing a bit-based SECCC-ID design in order to create flexible SECCC schemes. It was suggested in [18] 
that a symbol-based scheme always has a lower convergence threshold compared to an equivalent binary scheme. In 
order to recover this information loss owing to employing binary rather than non-binary schemes, we will demonstrate 
that soft decision feedback is required between the SISO MAP decoder and the soft demapper [19].  

Against this background, the novel contribution of this part is the analysis of bit-based SECCC-ID codes and 
the design of flexible SECCC schemes that are capable of near-capacity operation over both AWGN and uncorrelated 
Rayleigh fading channels. Again we will demonstrate that in order to recover the ’bit-correlation-induced’ entropy- or 
capacity-reduction owing to employing binary schemes, soft decision feedback is required between the SISO MAP 
decoder and the soft demapper. Two-stage iterative receivers can be analysed using 2-D EXIT charts, while their three-
stage counterparts require 3-D EXIT charts, were proposed in [20] and further studied in [21],[22],[23]. We will show 
that 3-D EXIT charts provide a unique insight into the design of near-capacity SECCC-ID codes. To elaborate a little 
further, in conventional 2-D EXIT charts a new EXIT curve is generated for each new channel SNR or channel model, 
while our 3-D EXIT chart representation of the SECCC-ID scheme is channel-independent and hence has to be 
computed only once, regardless of the channel SNR. Hence we characterise each SECCC-ID component code using two 
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3-D EXIT charts, which can then be used for designing an iterative decoding aided system employing any demapper 
type. Extrinsic information is exchanged across three concatenated decoder stages and the achievable decoding 
convergence is studied using 3-D EXIT charts. Finally, it is demonstrated that the best SECCC schemes perform within 
about 1 dB of both the AWGN and Rayleigh fading channels’ capacity.  

The organisation of this contribution is as follows. After presenting our system model in Section 2.1.2, our 
results are discussed in Section 2.1.3, and our conclusions are offered in Section 2.1.4. We discuss the decoding 
convergence of the SECCC-ID scheme in Appendix A. 

2.1.2 System Model 

We consider a rate 1 2R = /  SECCC scheme as an example to highlight the various system concepts 
considered in this contribution. In all these examples we use both Set-Partitioning (SP) and Gray-coded Quadrature 
Phase-Shift Keying (QPSK) modulation. Both the AWGN and uncorrelated Rayleigh fading channels are considered. 

The notations ( )P .  and ( )L .  in Figure 1 denote the logarithmic-domain symbol probabilities and the Logarithmic-

Likelihood Ratio (LLR) of the bit probabilities, respectively. The notations b  and c  in the round brackets ( ).  in 
Figure 1 denote information bits and coded symbols, respectively. The specific nature of the probabilities and LLRs is 

represented by the subscripts a , o  and e, which denote in Figure 1, a priori , a posteriori and extrinsic 
information, respectively.  

Puncturer

Depuncturer

RSC
Encoder

SECCC Encoder

Puncturer
Mapper

+
−

+
−

SECCC Decoder

+
−+

SISO

MAP

Decoder

−

Symbol to
Bit Prob.
Converter

Demapper

Soft Demapper

R2

y

b1

π1

/
S

P c
R1 π2 R2

R = R1/(2 ∗ R2)

b2

b1

Le(b1)

Le(b2)

S
/
P

/
S

P
La(b2)

La(b1)

Lo(b1)

Lo(b2)

La(b2)

La(b1)

La(c)
R−1

2

Le(c) Lo(c)

LLR

LLR−1

π1

π2

π−1
2

π−1
1

d

P o(c) P e(c)

P a(c)

d

d P (y|x)

nh

x

b̂1

 

Figure 1: SECCC-ID System exchanging soft information with the Demapper 

As shown in Figure 1, the input bit sequence {1b
} of the self-concatenated encoder is interleaved, yielding the 

bit sequence { 2b
}. The resultant bit sequences are parallel-to-serial converted and then fed to the RSC encoder using 

the generator polynomials (0 1 213 15 17G G G= , = , =
) 8  expressed in octal format and having a rate of 

1
1 3R =

 and 

memory 3ν = . Hence for every bit input to the SECCC encoder there are six output bits of the RSC encoder. At the 

output of the encoder there is an interleaver and then a rate 
1

2 3R =
 puncturer, which punctures (does not transmit) two 

bits out of three encoded bits1. Hence, the overall code rate, R can be derived based on [24] as:  

 

 
( )

1

1
2 3

1 1 1

2 2 3 2

R
R

R

 
= = = ,  ×    (1) 

Therefore, at the output of the puncturer the number of encoded bits reduces from six to two bits, namely 

1 0( )c c
. Puncturing is used in order to increase the achievable bandwidth efficiency η . It can be observed that different 

codes can be designed by changing 1R
 and 2R

. These bits are then mapped to a QPSK symbol as 1 0( )x c cµ=
, where 

( )µ .  is the Gray-coded mapping function. Hence the bandwidth efficiency is given by 2(4) 1R logη = × =
 bit/s/Hz 

                                                           
1

2
x
yR =  is the puncturing rate, where ( )y x−  bit(s) are punctured for every y -bit segment. The 

interleaver 2π  is before the puncturer in Figure 1, therefore the bits being punctured could be either 

the parity or the systematic bit. 



OPTIMIX FP7-ICT    ─   Grant agreement n°214625 project Deliverable D2.2c version 1.1 

FP7 ICT Call 1 Key line 1.5 “Networked Media” Page   12 /80 

assuming a zero Nyquist roll-off-factor. The QPSK symbol x  is then transmitted over the communication channel. At 
the receiver side the received symbol is given by:  

 y hx n= + ,  (2) 

where h  is the channel’s non-dispersive fading coefficient and n  is AWGN having a variance of 02
N

 per dimension. 

This signal is then used by the demapper for calculating the conditional probability density function (PDF) of receiving 

y , when mx  was transmitted:  

 

2

0 0

1
( ) exp

m

m
y hx

P y x x
N Nπ

 −
 | = = − ,
 
   (3) 

where 1 0( )mx c cµ=  is the hypothetically transmitted QPSK symbol for { }0 1 2 3m∈ , , , . These PDFs are then 

passed through the Symbol to Bit Probability Converter of Figure 1, which performs the following three steps:  
1. Calculating the a posteriori probability of the transmitted signal  

 

( ) ( )
( )

( )
o P y x P x

P x y
P y

|| = ,
 (4) 

where ( )P y  is a constant term and can be ignored. For a symbol based system the probability of the 

transmitted signal ( )P x  can be assumed to be a constant value. However, in a bit based system 

iterative decoding exchanging extrinsic information between the demodulator and decoder can be 
invoked based on ( )P x .  

2. From Bayes’ rule and assuming that bits 1c  and 0c  are independent, we have  

 1 0 1 0 0 1 0( ) ( ) ( ) ( ) ( ) ( )P x P c c P c c P c P c P c= = | = .  (5) 

Therefore,  

 1 0( ) ( ) ( ) ( )oP x y P y x P c P c| = | ,  (6) 

 
3. The symbol probabilities are then converted to bit probabilities. The a posteriori probability of the 

coded bit ic b=  is given by  

 

all

( )

( ) ( ) ( )
j

o
i j

x i b

P c b y P y x P c
χ∈ ,

 
= | = | . 

 
∑ ∏

 (7) 

 

where we have 1 0( ) { ( ) {0 1}}ji b c c cχ µ, = | ∈ , , which contains all the four phasor combinations of the QPSK 

modulated signal x . The bit index is specified by {0 1}i ∈ ,  and the value of the bit by {0 1}b∈ , . For higher order of 

modulations the bits required are 2log ( )m M= , where M  is the number of constellation points. The extrinsic 

probability of ic  is then calculated as  

 

all

( )

( ) ( ) ( )
j

e
i j

x i b j i

P c b y P y x P c
χ∈ , ≠

 
= | = | . 

 
∑ ∏

 (8) 

The extrinsic bit probabilities are then converted to the corresponding bit-based LLRs by the block denoted as 
LLR in Figure 1, which are then passed through a soft depuncturer inserting zero LLRs at the punctured bit positions. 
The LLRs are then deinterleaved and fed to the Soft-Input Soft-Output (SISO) Maximum A Posteriori Probability 
(MAP) decoder [25]. The decoder of Figure 1 is a self-concatenated decoder. It first calculates the extrinsic LLRs of the 

information bits, namely 1( )eL b
 and 2( )eL b

. Then they are appropriately interleaved to yield the a priori LLRs of the 

information bits, namely 1( )aL b
 and 2( )aL b

, as shown in Figure 1. Self-concatenated decoding proceeds, until a fixed 

number of iterations is reached. The extrinsic LLRs of the codeword denoted by ( )eL c  at the output of the SISO 
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decoder are fed back to the Soft Demapper of Figure 1, which are interleaved by 2
π

 and then punctured according to 

2R
. These are then converted to the a priori bit probabilities 

( )a
bP c

 by the block denoted as 
1LLR−
 in Figure 1, to be 

fed to the APP demapper, which first converts them to symbol probabilities and then provides the improved extrinsic 

LLR ( )eL c  of the codeword at its output, thus completing the outer iteration between the SISO decoder and Soft 
Demapper. Apart from having inner self-concatenated iterations in the outer SECCC decoder, a fixed number of outer 

iterations exchange extrinsic information between the decoder and soft-demapper to yield the decoded bits 1b̂ .  

2.1.3 Results and Discussions 

The EXIT charts discussed in Section 3 were used to find the best SECCC schemes for {2 3}ν = , , when 
communicating over AWGN and uncorrelated Rayleigh fading channels.  

The threshold predicted by the EXIT chart analysis detailed in Section 3 closely matches with the actual 

threshold observed in the BER curve given by the specified 0bE N/
 value, where there is a sudden drop of the BER 

after a certain number of decoding iterations, as shown in Figure 2 and Figure 3. Hence it becomes possible to attain an 
infinitesimally low BER beyond the threshold, provided that the block length is sufficiently long and the number of 

decoding iterations is sufficiently high. Again, the BER versus 0bE N/
 performance curves of the best performing 

QPSK-assisted SECCC-ID schemes having 1 1 2R = /
 and 2 3 4R = /

, recorded from our bit-by-bit simulations are 

shown in Figure 2 and Figure 3. We considered an information block length of 
3120 10×  bits per frame, for 

310  

frames and the number of decoding iterations (I ) are fixed to 40. Figure 2 and Figure 3 show the 0bE N/
 difference 

between the channel capacity and the system operating at a BER of 
310−
 marked by dotted lines, which was recorded 

for the best-performing SECCC-ID scheme the code memory of 2ν = . The SP mapping scheme operates 0.47 dB 

away from capacity, which is 0.35 dB better compared to that of Gray mapping scheme at a BER of 
310−
.    

As we can see by studying Table 3 and Figure 2 and Figure 3, the BER thresholds are accurately predicted by 
the EXIT charts. Hence, the binary EXIT chart is useful for finding the best SECCC-ID schemes that are capable of 

decoding convergence at the lowest possible 0bE N/
 value. We apply the same method of calculating the BER 

thresholds for a range of SECCC-ID schemes, as detailed in Table 3.  

For the scheme employing 2ν = , 1 1 2R = /
 and 2 3 4R = /

, the distance from capacity is 
(0 25 0 6) 0 85. + . = .  dB and (1 35 1) 0 35. − = .  dB, when communicating over AWGN and Rayleigh fading 

channels, respectively. Another scheme, which performs close to capacity, employs 3ν = , 1 1 3R = /
 and 2 2 3R = /

, 

as shown in Table 3. This scheme is capable of operating within (0 07 0 8) 0 87. + . = .  dB and 
(0 82 0 2) 1 02. + . = .  dB from the capacity of the AWGN and Rayleigh fading channels, respectively, while 
employing the SP mapper.  
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 Figure 2: The BER versus 0bE N/  performance of Gray and SP mapped QPSK-assisted SECCC-ID schemes, 

1R  = 1/2, 2R =3/4, and 40I =  decoding iterations for 2ν = , operating over an AWGN channel. 
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 Figure 3: The BER versus 0bE N/  performance of Gray and SP mapped QPSK-assisted SECCC-ID schemes, 

1R  = 1/2, 2R =3/4, and 40I =  decoding iterations for 2ν = , operating over an uncorrelated Rayleigh fading 

channel. 

2.1.4 Conclusions 

We have designed near-capacity SECCC-ID schemes based on their decoding convergence analysis. The 
SECCC schemes invoke binary RSC codes and different puncturing rates. The puncturer is used to increase the 
achievable bandwidth efficiency. The interleaver placed before the puncturer helps randomise the puncturing pattern. 
Good SECCC parameters were found for assisting the SECCC-ID scheme in attaining decoding convergence at the 

lowest possible 0bE N/
 value, when communicating over both AWGN and uncorrelated Rayleigh fading channels. 

We have demonstrated that 3-D EXIT charts are useful for designing near-capacity SECCC-ID codes. Furthermore, 3-D 
EXIT charts may also be used to design a SECCC-ID scheme concatenated with an outer codec, such as a video codec 
for enabling soft information exchange between the SECCC-ID decoder and the video decoder. The SECCC-ID 
schemes designed are capable of operating within 1 dB of the AWGN as well as Rayleigh fading channel’s capacity. 
Our future work will focus on designing SECCC schemes operating closer to capacity, while maintaining a high 
bandwidth efficiency. Furthermore, we will investigate the performance of such SECCC-ID schemes in non-coherently 
detected cooperative communication systems.  

2.2 Design and performance analysis of protograph-based non-binary LDPC codes 

Thanks to their excellent error correction capability combined with the availability of low complexity 
encoding/decoding algorithms, LDPC codes have recently been included in several satellite communications standards 
[110]-[113]. Their application ranges from deep-space communications to satellite broadcasting services and up-link for 
interactive satellite systems. 

 In the past decade, LDPC code constructions were proposed approaching the Shannon limit within few tens of 
dB for large block lengths (n>10000) [114],[115]. In the moderate block size regime (1000<n<10000), structured 
constructions with low error floors were proposed, for example, in [116]-[120]. These constructions achieve low 
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codeword error rates, e.g. 10-6, within 0.5 to 1 dB from the random coding bound (RCB). (In the moderate-block size 
regime we compare the code performance with the RCB, rather than the Shannon limit, to take into account the block 
size. Although the RCB is an upper bound on the performance achievable by a (n,k) linear block code, for input block 
sizes k>200 bits it is a valid benchmark [121],[122]. 
 
 To enhance the code performance for short/moderate block sizes, LDPC codes over non-binary finite fields 
were proposed in [123]. The performance gain, however, has the drawback of an increased decoding complexity. As for 
binary LDPC codes, decoding is based on belief propagation, that is on message passing along the edges of the Tanner 
graph. The decoding complexity is dominated by the check node operations and scales with O(q2), where q is the order 
of the field. However, the probability-domain decoding algorithm can be simplified by using fast Fourier transform 
(FFT) to perform the check node elaborations, reducing the complexity to O(q log2(q)) [124]. Further complexity 
reductions for non-binary LDPC decoders were achieved in [125], while a construction technique for ultra-sparse non-
binary LDPC codes (i.e., LDPC codes with regular variable and check node degrees (dv=2, dc) was proposed in [126], 
which is based on the binary image of the parity-check equations for the selection of the equation coefficients. The 
method in [126] is effective in reducing the error floor of ultra-sparse non-binary LDPC codes, even if for these LDPC 
code ensembles the minimum distance grows sub-linearly with n. 

2.2.1 Design of Non-Binary LDPC Codes 
 The design of a non-binary LDPC code may be summarized in three main steps: 

o Definition of the degree distribution pair to be used for the parity-check matrix construction. 

o Construction of a parity-check matrix H whose Tanner graph possesses a large girth. 

o Choice of the values of the non-zero entries of H. 

The first step is rather unexplored in the non-binary LDPC context. It is however established that regular 
distributions with variable node degree dv=2 provide an excellent iterative decoding thresholds on the AWGN channel, 
especially for sufficiently large field orders. As an example, the (2,4)-regular ensemble over GF(256) exhibits a 
threshold at Eb/N0 ≈ 0.45 dB, only 0.27 dB away from the Shannon limit for rate-1/2 codes on the binary input AWGN 
channel. This justifies the increasing attention recently gained by the design of non-binary LDPC codes with ultra-
sparse parity-check matrices [126]. 

The second step can be tackled by using tools available from the construction of binary LDPC codes. Hence, 
girth optimization techniques such as the progressive edge-growth (PEG) algorithm [130] can be adopted for the matrix 
construction.  

The third step may be pragmatically performed by selecting the non-zero entries of H with uniform probability 
over GF(q). This approach provides an acceptable performance in most cases, especially for large Galois field orders. 
However, it has been pointed out that ultra-sparse (dv=2, dv) non-binary LDPC code ensembles built with this approach 
tend to be affected by an error floor already at moderate error rates [126]. This has to be related to the fact that their 
minimum distance grows sub-linearly with n [82]. 

An efficient approach for selecting the non-zero entries is proposed in [126]. The approach is based on the 
binary image of the non-binary parity-check equations. Note in fact that a degree-dc equation over GF(2p) is equivalent 
to p binary equations involving p dc bits, and hence can be regarded as ( p dc, p(dc-1)) binary linear block code. In this 
view, the Tanner graph of a non-binary LDPC code can be described in terms of a generalized LDPC (G-LDPC) code 
graph. By judiciously selecting the equations coefficients, one can ensure that the corresponding binary linear block 
code representation possesses a minimum distance larger than 2. If all the M non-binary equations are designed in this 
manner, the overall result is an increased minimum distance for the non-binary LDPC code, and hence a lower error 
floor. 

In [131] an approach to the design of low-rate non-binary LDPC codes based on protographs [132],[133] is 
presented. In particular, it is shown how an arbitrary low-rate non-binary LDPC code can be obtained from an higher-
rate one by repeating the codeword symbols by means of a non-binary repetition code (i.e., some codeword symbols are 
repeated and the replicas are multiplied by non-zero Galois field elements). This allows an excellent flexibility in the 
code construction, supporting rate compatibility and maintaining the decoding complexity of the mother (higher-rate) 
code, with performance close to the theoretical bounds down to very low code rates and short block sizes. 

Next, the performance of some non-binary LDPC codes constructed by means of some of the techniques 
mentioned above is illustrated, focusing on ultra-sparse matrices with dv=2. The matrices have been constructed using a 
circulant-version of the PEG algorithm, starting from a small base matrix (protograph) and performing protograph 
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expansions by means of circulant permutation matrices in either 2 or 3 stages. The resulting parity-check matrices are 
then in block circulant form. This feature allows a compact description of the matrix structure, facilitating the decoder 
implementation. The choice of the non-zero coefficients has been performed according to the criteria of [126]. For low-
rate codes (R<1/2), the repetition-code-based approach of [131] has been adopted. Examples of protographs adopted for 
the code design are depicted in Figure 4. 

 
 

 

Figure 4: Protographs used for the code design. a) Rate-1/2 regular protograph. b) Rate 1/3 regular protograph. 
c) Low-rate protographs obtained by multiplicative repetition of variable nodes [131]. A rate 1/4 protograph is 
obtained by adding to the rate-1/3 protograph the VN type A. The rate can be lowered to 1/6 by further adding 
VNs of type B and C. A rate 1/9 protograph if finally given by adding the VNs of type D,E and F. 

2.2.2 Numerical Results 

The results presented in this section have been obtained by Monte Carlo simulation on the AWGN channel 
with Imax=200 iterations. All simulated non-binary LDPC codes have been constructed on GF(256). We provide a 
comparison with binary codes and with the RCB, for the same (n,k) parameters (in bits).  We evaluated the codeword 
error rate (CER) vs. Eb/N0 for non-binary protograph-based codes and for binary irregular repeat-accumulate (IRA) 
codes with constant information node degree 4. This choice for IRA codes is dictated by the need to trade-off the error 
floor and the waterfall performance [116]. The RCB is provided as well.  

 Figure 5 and Figure 6 show the results for R = 1/2 codes with information lengths k=256 and k=1024, 
respectively. At CER=10-5, the gap between the RCB and the LDPC codes over GF(256) is less than 0.3 dB in both 
cases. In contrast, the IRA code shows a gap of 0.9 dB for k = 1024 and around 1.3 dB for k = 256. 
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Figure 5: CER of an LDPC code over GF(256), a binary IRA code and the RCB vs. Eb/N0 with R=1/2, k=256.   

 

 

Figure 6: CER of an LDPC code over GF(256), a binary IRA code and the RCB vs. Eb/N0 with R=1/2, k=1024. 
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Figure 7: CER of an LDPC code over GF(256), a binary IRA code and the RCB vs. Eb/N0 with R=1/3, k=256. 

 

 

Figure 8: CER of an LDPC code over GF(256), a binary IRA code and the RCB vs. Eb/N0 with R=1/3, k=1024. 

 
 
 Figure 7 and Figure 8 show the CER vs. Eb/N0 for R=1/3 codes with k=256 and k=1024, respectively. The 
codes under investigation are non-binary LDPC codes and (again) IRA codes with information node degree 4. Similarly 
to the R=1/2 codes above, also for lower code rates the gap to the RCB at CER=10-5 is less than 0.3 dB for the non-
binary codes, whereas for the IRA codes its always larger than 1 dB. 
 
 Next, a comparison between non-binary LDPC codes and state-of-the-art turbo codes (TCs) (specifically,  TCs 
from the DVB-RCS standard [112] and 3D-TCs [135]) is illustrated for R = 1/2 and R = 1/4. In this latter low-rate case, 
TCs usually express excellent performance. Due to construction constraints, we have k=456 for the TCs (and for the 
RCB), while k=448 for the LDPC codes (this is reflected in a slightly shorter block length for n for the non-binary 
LDPC codes). From Figure 9 it can be seen that the non-binary LDPC codes outperform TCs at both code rates. At 
CER=10-5, the 3D-TCs have a performance loss with respect to their LDPC competitors of about 0.3 - 0.4 dB. 
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Figure 9: CER of LDPC codes over GF(256),  3D-TCs, DVB-RCS codes and RCB vs. Eb/N0 with R=1/2 and 
R=1/4. Information length k=448 for the LDPC codes and k=456 for 3D-TCs, DVB-RCS codes and the RCBs. 
Code rates R=1/2 and R=1/4.
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3 Modulation and Transmission 

3.1 Multi-functional MIMO Systems: A Diversity and Multiplexing Design Perspective  

3.1.1 Classification of Multiple-Input Multiple-Output Systems 

Recently, there has been an urging demand for flexible and bandwidth-efficient transceivers capable of 
supporting the explosive expansion of the Internet and the continued dramatic increase in demand for high-speed 
multimedia wireless services. Advances in channel coding made it feasible to approach Shannon’s capacity limit in 
systems equipped with a single antenna [31], but fortunately these capacity limits can be further extended with the aid 
of multiple antennas. Recently, Multiple-Input Multiple-Output (MIMO) systems have attracted considerable research 
attention and it is considered as one of the most significant technical breakthroughs in contemporary communications.  

Explicitly, the MIMO schemes can be categorised as diversity techniques, multiplexing schemes, multiple 
access methods, beamforming as well as multi-functional MIMO arrangements, as shown in Figure 10. Diversity is the 
technique where the receiver receives several replicas of the same transmitted signal, while assuming that at least some 
of them are not severely attenuated. Spatial diversity can be attained by employing multiple antennas at the transmitter 
or the receiver. Multiple antennas can be used to transmit and receive appropriately encoded replicas of the same 
information sequence in order to achieve diversity and hence to obtain an improved BER performance. On the other 
hand, multiplexing techniques were designed in order to improve the attainable spectral efficiency of the system by 
transmitting the signals independently from each of the transmit antennas. In the context of diversity and multiplexing 
techniques, the antennas are spaced as far apart as possible, so that the signals transmitted to or received by the different 
antennas experience independent fading and hence we attain the highest possible diversity or multiplexing gain. 
Additionally, multiple antennas can also be used in order to improve the Signal-to-Noise Ratio (SNR) at the receiver or 
the Signal-to-Interference-plus-Noise Ratio (SINR) in a multi-user scenario. This can be achieved by employing 
beamforming techniques, where the antenna gain is increased in the direction of the desired user, whilst reducing the 
gain towards the interfering users.  

A simple spatial diversity technique, which does not involve any loss of bandwidth, is constituted by the 
employment of multiple antennas at the receiver, where several techniques can be employed for combining the 
independently fading signal replicas. In case of narrowband frequency-flat fading, the optimum combining strategy in 
terms of maximising the SNR at the combiner output is Maximum Ratio Combining (MRC). Additionally, other 
combining techniques have been proposed in the literature, as shown in Figure 10, including Equal Gain Combining 
(EGC) and Selection Combining (SC). All the three combining techniques are said to achieve full diversity order, which 
is equal to the number of receive antennas.  

On the other hand, several transmit - rather than receive - diversity techniques have also been proposed in the 
literature [32],[33],[34],[35], as shown in Figure 10. In [32] Alamouti proposed a witty transmit diversity technique 
using two transmit antennas, whose key advantage was the employment of low-complexity single-receive-antenna-
based detection, which avoids the more complex joint detection of multiple symbols. The decoding algorithm proposed 
in [32] can be generalised to an arbitrary number of receive antennas using MRC, EGC or SC. Alamouti’s achievement 

inspired Tarokh et  al.  [33] to generalise the concept of transmit diversity schemes to more than two transmit 
antennas, contriving the generalised concept of Orthorgonal Space-Time Block Codes (OSTBC). The family of 
OSTBCs is capable of attaining the same diversity gain as Space-Time Trellis Codes (STTC) [34] at a lower decoding 
complexity, when employing the same number of transmit antennas. However, a disadvantage of OSTBCs when 
compared to STTCs is that they employ unsophisticated repetition-coding and hence provide no coding gain. 

Furthermore, inspired by the philosophy of STBCs, Hochwald et  al.  [36] proposed the transmit diversity concept 
known as Space-Time Spreading (STS) for the downlink of Wideband Code Division Multiple Access (WCDMA) that 
is capable of achieving the highest possible transmit diversity gain.  

Regretfully, the OSTBC and STS designs of [33],[36] contrived for more than two transmit antennas result in a 
reduction of the achievable throughput per channel use, when complex-valued constellations are used. An alternative 
idea invoked for constructing full-rate STBCs for complex-valued modulation schemes and more than two antennas was 
suggested in [37]. Here the strict constraint of perfect orthogonality was relaxed in favour of achieving a higher data 
rate. The resultant STBCs were referred to as quasi-orthogonal STBCs [37].  
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 Figure 10: Classification of MIMO Techniques. 

The OSTBC and STS designs offer - at best - the same data rate as an uncoded single-antenna system, but they 
provide an improved BER performance compared to the family of single-antenna-aided systems by providing diversity 
gains. In contrast to this, several high-rate space-time transmission schemes having a normalised rate higher than unity 
have been proposed in the literature. For example, high-rate space-time codes that are linear both in space and time, 
namely the family of the so-called Linear Dispersion Codes (LDC), was proposed in [35]. LDCs provide a flexible 
trade-off between emulating space-time coding and/or spatial multiplexing. The revolutionary concept of LDCs invokes 
a matrix-based linear modulation framework, where each space-time transmission matrix is generated by a linear 
combination of so-called dispersion matrices and the weights of the components are determined by the transmitted 
symbol vector.  

OSTBCs and STTCs are capable of providing diversity gains for the sake of improving the achievable system 
performance. However, this BER performance improvement is often achieved at the expense of a rate-loss, since 
OSTBCs and STTCs may result in a throughput-loss compared to single-antenna-aided systems. As a design 
alternative, a specific class of MIMO systems was designed for improving the attainable spectral efficiency of the 
system by transmitting different signal streams independently over each of the transmit antennas, hence resulting in a 
multiplexing gain. This class of MIMOs subsumes Bell Labs’ Layered Space-Time (BLAST) scheme and its 
relatives [38]. The BLAST scheme aims for increasing the system throughput in terms of the number of bits per symbol 
that can be transmitted in a given bandwidth at a given integrity.  
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In contrast to the family of BLAST schemes, where multiple antennas are activated by a single user for 
increasing the user’s throughput, Space Division Multiple Access (SDMA) [39] employs multiple antennas for the sake 
of supporting multiple users. SDMA exploits the unique user-specific Channel Impulse Response (CIR) of the different 
users for separating their received signals.  

On the other hand, in beamforming arrangements [39] typically 2λ / -spaced antenna elements are used for 

the sake of creating a spatially selective transmitter/receiver beam, where λ  represents the carrier’s wavelength. 
Beamforming is employed for providing a beamforming gain by mitigating the effects of various interfering signals, 
provided that they arrive from sufficiently different directions. Additionally, beamforming is capable of suppressing the 
effects of co-channel interference, hence allowing the system to support multiple users by angularly separating them. 
Again, this angular separation becomes feasible only on condition, if the corresponding users are separable in terms of 
the angle of arrival of their beams.  

Finally, multi-functional MIMOs, as the terminology suggests, combine the benefits of several MIMO schemes 
including diversity gains, multiplexing gains as well as beamforming gains. As mentioned earlier, V-BLAST is capable 
of achieving the maximum attainable multiplexing gain, while STBC can achieve the full achievable antenna diversity 
gain facilitated by the number of independently fading diversity channels. Hence, it was proposed in [40] to combine 
these two techniques in order to provide both antenna diversity and spectral efficiency gains. On the other hand, in [41] 
the authors presented a transmission scheme referred to as Double Space-Time Transmit Diversity (D-STTD), which 
consists of two STBC layers at the transmitter that is equipped with four transmit antennas, while the receiver is 
equipped with two antennas. Furthermore, in order to achieve additional performance gains, beamforming has been 
combined both with spatial diversity as well as spatial multiplexing techniques. STBC has been combined with 
beamforming in order to attain an improved SNR gain in addition to the diversity gain [42],[43].  

This contribution provides a light-hearted perspective on further research advances in the field of multi-
functional MIMO systems and demonstrates how diversity, multiplexing and beamforming gains are achieved by multi-
functional MIMOs. More explicitly, in Section 3.1.2 we elaborate on the design of multi-functional MIMO schemes and 
describe the evolution of the idea of multi-functional MIMO systems. In Section 3.1.2.1 we quantify the achievable 
performance of the different MIMO schemes. A comparison of the different MIMO schemes expressed in terms of their 
diversity, multiplexing and beamforming gains is presented in Section 3.1.3, followed by our conclusions in 
Section 3.1.4.  

3.1.2 Multi-functional MIMO Systems 

Space-time codes have been designed for the sake of attaining the highest possible diversity gain, while the V-
BLAST scheme was designed for attaining the maximum achievable multiplexing gain equal to the number of transmit 
antennas. Additionally, beamforming schemes have been designed in order to attain an SNR gain. Therefore, the 
appealing concept of multi-functional MIMO schemes designed for combining the benefits of STBC, BLAST and 
beamforming schemes arises, in order to provide diversity, multiplexing and SNR gains.  

Figure 11 shows a block diagram of a general multi-functional MIMO scheme that can combine the benefits of 

Space-Time Coding (STC), BLAST as well as beamforming. The system’s architecture in Figure 11 has tN
 transmit 

Antenna Arrays (AA) spaced sufficiently far apart in order to experience independent fading and hence to achieve 

transmit diversity and/or multiplexing. The AAL
 number of elements of each of the AAs are spaced at a distance of 

2λ /  for the sake of achieving a beamforming gain. Furthermore, the receiver is equipped with r
N

 antennas. 

According to Figure 11, a block of B  input information symbols is serial-to-parallel converted to K  groups of symbol 

streams of length 1B
, 2B

, L , KB
, where 1 2 KB B B B+ + + =L

. Each group of kB
 symbols, [1 ]k K∈ , , is then 

encoded by a component space-time code STCk  associated with km
 transmit AAs, where 1 2 K tm m m N+ + + =L

.  
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Figure 11: Multi-functional MIMO system block diagr am. 

The STC employed can be OSTBC, STTC or STS for the sake of attaining a diversity gain. The data 
transmitted from each component STC is independent of the data transmitted from all the other STCs, which results in a 

multiplexing gain, where the throughput of the multi-functional MIMO scheme is K  times that of a scheme employing 
a single STC. The multiplexing gain is attained by considering each STC as a layer in a BLAST scheme. Furthermore, 
the data is transmitted using antenna arrays that can be used for attaining a beamforming gain.  

In [40] a dual-functional MIMO scheme was proposed, that combines the benefits of V-BLAST and OSTBC. 
The scheme presented in [40] considered transmissions over OSTBCs, where several parallel OSTBC blocks were 
capable of transmitting independent data. Hence, the scheme of [40] was capable of attaining the diversity gain of the 
OSTBC as well as the multiplexing gain due to using several independent OSTBC layers. However, a drawback of the 
scheme in [40] was that the decoder implemented a Group Successive Interference Cancellation (GSIC) that did not 
take into account the received signal power at the different OSTBC layers for the sake of ordering the layers before the 
interference cancellation.  

On the other hand, dual-functional MIMO schemes that combine STBC with beamforming were proposed 
in [42],[43]. These schemes benefit from the diversity gain of the STBCs and the SNR gain of the beamforming. 
In [42], the authors combined conventional transmit beamforming with OSTBC assuming that the transmitter has partial 
knowledge of the channel and derived a performance criteria for improving the system performance. Furthermore, the 
scheme presented in [43] combined the twin-antenna-aided Alamouti STBC with ideal beamforming, where it was 
assumed that the transmitter has full knowledge of the channel as well as the direction of arrival of the signal at the 
receiver in order to show that the system can attain a better performance while keeping full diversity and unity rate.  

Inspired by the performance improvements reported in [40],[42],[43], El-Hajjar et.  al.  proposed in [44] a tri-
functional MIMO scheme that combines diversity gain with multiplexing gain and beamforming gain. The MIMO 
scheme of [44] was referred to as Layered Steered Space-Time Codes (LSSTC), where the parallel data was encoded by 
OSTBC layers and each layer can have a different OSTBC structure. Additionally, the decoder of the LSSTC scheme 
employed an ordering strategy for decoding the different layers in order to improve the achievable performance.  

The decoder of the LSSTC scheme applies Group Successive Interference Cancellation (GSIC) based on the 
Zero Forcing (ZF) algorithm [40] for decoding the received signal. The most beneficial decoding order of the STC 
layers is determined on the basis of detecting the highest-power layer first for the sake of a high correct detection 

probability. For simplicity, let us consider the case of 2K =  OSTBC layers, where layer 1 is detected first, which 

allows us to eliminate the interference caused by the signal of layer 2 . However, the proposed concept is applicable to 

arbitrary STCs and to an arbitrary number of layers K . For this reason, the decoder of layer 1 has to suppress the 
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interference of layer 2  originally imposed on layer 1 and generates a signal which can be decoded using the STBC 
detection of [32]. This is done by using the GSIC algorithm proposed in [40]. Then, the decoder subtracts the 
remodulated contribution of the decoded symbols of layer 1 from the composite twin-layer received signal. Finally, the 
decoder applies direct STBC decoding to the second layer, since the interference imposed by the first layer has been 

eliminated. This group-interference cancellation procedure can be generalised to arbitrary tN
 and K  values.  

The proposed scheme is applicable to arbitrary STCs and to an arbitrary number of layers K . For example, for 

an 
3tN =

 transmit antennas, one twin-antenna aided STC can be employed in parallel with a single-antenna-aided 

transmission scheme. On the other hand, for a scheme employing 
8tN =

 transmit antennas, several configurations can 
be considered. One configuration can employ two four-antenna-aided STCs, while another configuration can employ 
four twin-antenna-aided STCs. The configuration will depend on the application and on the required performance and 
throughput.  

The LSSTC scheme is characterised by a diversity gain, a multiplexing gain as well as a beamforming gain. 

However, a drawback of the LSSTC design is the fact that the number of receive antennas rN
 should be at least equal 

to the number of transmit antennas t
N

 for the interference cancellation to work. This condition is not very practical for 
employing shirt-pocket sized Mobile Stations (MS) that are limited in size and complexity. The LSSTC scheme can be 
applied in a scenario where two Base Stations(BS) cooperate or a BS is communicating with a MIMO-aided laptop. 
Therefore, in order to allow communication between a BS and a MS accommodating less antennas than the transmitting 
BS while employing simple linear receivers, [41] presented a four transmit and two receive antennas scheme that 
combined the benefits of Alamouti’s STBC [32] and V-BLAST [38]. The scheme of [41] was referred to as Double 
Space-Time Transmit Diversity (DSTTD) and employed a simple linear decoder that employed less antennas than the 
transmitter. The DSTTD receiver employed a two-stage decoding algorithm, where the first stage is interference 
cancellation, in order to cancel any interference from each STBC layer on the other layer. The second decoding stage 
involved the maximum likelihood decoding of the STBC [32].  

Furthermore, in order to allow multiple users to communicate using a multi-functional MIMO, the Layered 
Steered Space-Time Spreading (LSSTS) scheme described below can be employed. The LSSTS scheme combines the 
benefits of V-BLAST, STS and beamforming with generalised MC DS-CDMA [45] for the sake of achieving a 
multiplexing gain, a spatial and frequency diversity gain as well as a beamforming gain. The LSSTS design employs 

tN
= 4  transmit antennas and r

N
= 2  receive antennas and a linearreceiver to decode the received signal.  

The system architecture of the LSSTS scheme can be seen in Figure 11 with STS as the component STC 

layers. The LSSTS scheme employs two twin-antenna-aided STS layers and 
2rN =

 receive antennas. The AAL
 

number of elements of each of the AAs are spaced at a distance of 2λ /  for the sake of achieving beamforming. The 

system can support L  users transmitting at the same time and using the same carrier frequencies, while they can be 

differentiated by the user-specific spreading code lc , where [1 ]l L∈ , . Additionally, in the generalised MC DS-
CDMA system considered, the subcarrier frequencies are arranged in a way that guarantees that the same STS signal is 
spread to and hence transmitted by the specific subcarriers having the maximum possible frequency separation, so that 
they experience independent fading and achieve the maximum attainable frequency diversity.  

The LSSTS system employs the generalised MC DS-CDMA scheme of [45], where the input data is serial-to-
parallel converted to two parallel streams that are transmitted using twin-antenna aided STS [36]. The transmitted signal 

is spread to the two transmit antennas with the aid of the orthogonal spreading codes of 1 2{ }l l, ,,c c , l =1 2 L, ,..., . The 

spreading codes 1l ,c  and 2l ,c  are generated from the same user-specific spreading code lc  as in [36].  

The output of the two STS blocks modulate a group of subcarrier frequencies, where the subcarrier signals are 
superimposed on each other in order to form the complex-valued modulated signal for transmission. Finally, according 

to the l th user’s channel information, the signal of the l th user is weighted by the transmit beamformer weight vector 

determined for each subcarrier of the l th user, which is generated for the n th AA. Assuming that the system employs a 

modulation scheme transmitting D  bits-per-symbol, then the bandwidth efficiency of the LSSTS aided Generalised 

MC DS-CDMA system is given by 2D  bits-per-channel-use.  
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Assuming that the K  users’ data are transmitted synchronously over a dispersive Rayleigh fading channel, 
decoding is carried out in two steps, first interference cancellation is performed according to [41], followed by the STS 

decodingprocedure of [36]. Finally, after combining the l =1st user’s identical replicas of the same signal transmitted 
by spreading over the number of subcarriers, the decision variables corresponding to the symbols transmitted in each 

sub-block can be expressed as 
% %

1 11

V

vvx x ,=
=∑ , where V  is the number of subcarriers employed by the generalised MC 

DS-CDMA. Therefore, the decoded signal has a diversity order of 2V . More explicitly, second order spatial diversity 

is attained from the STS operation and a diversity order of V  is achieved as a benefit of spreading by the generalised 
MC DS-CDMA scheme, where the subcarrier frequencies are arranged in a way that guarantees that the same STS 

signal is spread to and hence transmitted by the specific V  number of subcarriers having the maximum possible 
frequency separation, so that they experience as independent fading as possible.  

3.1.2.1 Results and Discussion 

In this section we compare the BER performance of the different MIMO schemes to that of the SISO system. 
We compare BPSK modulated systems, while considering transmissions over correlated Rayleigh fading channels 

associated with a normalised Doppler frequency of 0 01. .  

According to Figure 12, the V-BLAST system employing 
( )t rN N,

= (4 4),  antennas has a slightly better 
BER performance than the SISO system, despite its quadrupled throughput. Also observe in Figure 12 that the slope of 
the BER curves of both the V-BLAST and of the SISO system is similar, which suggests that V-BLAST does not attain 
a high diversity gain, but it is capable of attaining a high multiplexing gain. Additionally, Figure 12 shows that the 

STBC system employing 
( )t rN N,

= (2 1),  attains a better BER performance than the SISO and V-BLAST schemes 
due to the diversity gain attained by the STBC. Further diversity gain can be attained by the four-antenna aided STBC 

employing four receive antennas, which results in adiversity order of 16. As shown in Figure 12 the four-antenna-aided 

STBC scheme employing four receive antennas is capable of attaining around 15 dB gain at a BER of 
510−
 over the 

twin-transmit-antenna aided STBC system using rN
=1. However, a drawback of the four-antenna aided system, while 

employing complex-valued constellations, is that it results in a throughput loss, where four symbols are transmitted in 

eight time slots, resulting in a rate of 1 2/ .  

Observe in Figure 12 that the LSSTS scheme employing 
( )t rN N,

= (4 2),  and V =1 attains an identical 
BER performance to that of the twin-transmit-antenna aided STBC system. This means that the LSSTS scheme 

employing V =1 has a diversityorder of 2  similar to the twin-antenna aided STBC. On the other hand, the LSSTS 

scheme attains twice the throughput of the twin-transmit-antenna aided STBC scheme. Additionally, when V  is 

increased from 1 to 4 , the achievable BER performance improves due to the additional frequency diversity gain 
attained.  
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 Figure 12: BER performance comparison of the SISO, STBC, V-BLAST, LSSTC and LSSTS schemes, while 
communicating over a correlated Rayleigh fading channel associated with a normalised Doppler frequency of 

df =0 01. . 

A further performance improvement is attained by the LSSTC scheme in conjunction with 
( )t rN N,

= (4 4),  
compared to the LSSTS scheme. The LSSTC scheme employs more antennas than the LSSTS scheme and hence attains 
both a higher diversity order as well asa better BER performance. Furthermore, Figure 12 shows the performance 

improvements attained by beamforming, where the LSSTC scheme employing AAL
= 4  attains around 6  dB 

performance improvement at a BER of 
510−
 over its counterpartemploying AAL

=1, provided that the DOA is perfectly 

known. Finally, a comparison between the STBC and LSSTC schemes using 
( )t rN N,

= (4 4),  reveals that the STBC 

arrangement attains a better performance than the LSSTC scheme employing AAL
=1. This is due to the fact that the 

STBC scheme has a higher diversity gain, while the LSSTC scheme attains a throughput that is 4  times that of its 
STBC counterpart.  

Therefore, the design of the multi-functional MIMO scheme will depend on the application considered and on 
the number of antennas that can be afforded on the transmitter and receiver. For example, as mentioned previously for a 
handheld device the LSSTC scheme is not a practical choice due to the limited size and complexity of the small device. 
On the other hand, the LSSTS scheme can be considered as a good choice for a system with a small-sized receiver that 
requires a high robustness and throughput.  

3.1.3 Diversity and Multiplexing of MIMO Systems 

According to our previous discussions, different MIMO schemes have different structures and hence a different 
BER as well as throughput performance. Explicitly, the OSTBC scheme is capable of attaining the highest possible 
spatial diversity gain, while having no multiplexing gain, in fact, some STBC structures result in a throughput loss. On 
the other hand, the V-BLAST scheme is capable of achieving the maximum possible multiplexing gain, while attaining 
a low diversity gain, depending on the choice of the V-BLAST decoder employed. Furthermore, several multi-
functional MIMO schemes that can attain a combination of diversity, multiplexing as well as beamforming gains have 
been introduced.  

Table 1 compares the diversity, multiplexing and beamforming gains of the different MIMO schemes for 

different configurations. In Table 1, tN
 and rN

 stand for the number of transmit and receive antennas, respectively, 

while AAL
 represents the number of elements per transmit AA and V  denotes the number of subcarriers employed by 

the generalised MC DS-CDMA system. Additionally, the number of layers represents the number of antenna layers that 
is used for transmitting different data symbols at the same time, for the sake of attaining a multiplexing gain.  
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 tN   rN   AAL   V   Number of 
Layers  

Diversity 
Order  

Multiplexing 
Order  

Beamforming 
Gain  

2  rN  1 1 1 2 rN×  1 1 

4  rN  1 1 1 4 rN×  1 2/  1 
 

OSTBC 
8  rN  1 1 1 8 rN×  1 2/  1 

2  2  1 1 2  1 2  1 

4  4  1 1 4  1 4  1 
V-BLAST  
ZF-SIC 

8  8  1 1 8  1 8  1 

4  4  AAL  1 2  4  2  AAL  

8  8  AAL  1 2  16 1 AAL  
 

LSSTC 

8  8  AAL  1 4  4  4  AAL  

LSSTS 4  2  AAL  V  2  2 V×  2  AAL  

 

Table 1: Comparison of the gains achieved by various MIMO schemes. 

As shown in Table 1, the OSTBC schemes are capable of attaining a full diversity order of 
( )t rN N×

, while 
achieving no multiplexing or beamforming gain. By contrast, in the case of four-antenna and eight-antenna aided 

OSTBC schemes employing complex-valued constellations, the multiplexing gain is 1 2/ , resulting in half the 
throughput of the SISO scheme. For example, in the four-antenna aided OSTBC scheme, four symbols are transmitted 
in eight time slots and similarly for theeight-antenna aided STBC scheme, eight complex-valued symbols are 

transmitted in 16 time slots. On the other hand, as shown in Table 1, the V-BLAST scheme can attain a multiplexing 

gain of tN
, since the different antennas transmitdifferent symbols in the same time slot. For example, for the V-

BLAST scheme employing 
( )t rN N,

= (4 4), , the transmitter transmits four different symbols from the four different 
antennas in the same time slot, which results in a quadrupled multiplexing gain in comparison to that of the SISO 

scheme. Observe in Table 1 that the diversity order of V-BLAST employing the ZF-SIC is 1 for different 
( )t rN N,

 

configurations. The diversity order of the V-BLAST scheme employing ZF-SIC is 
( 1)r tN N− +

.  

The LSSTC scheme combines the benefits of STBC, V-BLAST as well as of beamforming, as discussed 
earlier. This becomes clear in Table 1, where it is shown that the LSSTC scheme attains a diversity gain, a multiplexing 

gain as well as a beamforming gain. In the case of the 
( )t rN N,

= (4 4),  configuration, two twin-antenna STBC layers 

are implemented, which results in a diversity order of 4  and a multiplexing order of 2 . This is due to the fact that four 

symbols are transmitted from the four transmit antennas in two time slots. Additionally, when AAL
 elements are used 

per AA, then a beamforming gain can be attained. In the 
( )t rN N,

= (8 8),  configuration, two different schemes can be 
implemented. The first scheme is a two-layer one with each layer constituted of a four-antenna STBC scheme. The 
other configuration employs four layers of the twin-antenna STBC scheme. The two configurations result in the 
different diversity and multiplexing gains shown in Table 1.  

Finally, in the LSSTS scheme four transmit and two receive antennas are employed, where the transmit 

antennas are separated into two STS layers. The diversity order achieved by the LSSTS scheme is (2 )V×  as discussed 

in Section 2. The multiplexing order of the LSSTS scheme is 2 , since four symbols are transmitted in two time slots. 

Moreover, the LSSTS scheme is capable of attaining a beamforming gain, when 
1AAL >

 elements per AA are used.  
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3.1.4 Conclusions 

In this section a brief classification of the MIMO schemes was presented based on their attainable diversity, 
multiplexing or beamforming gains. We also investigated the design of multi-functional MIMO schemes that are 
capable of combining the benefits of several MIMO schemes and hence attaining diversity, multiplexing as well as 
beamforming gains. More explicitly, we introduced the dual-functional MIMO scheme of [40] followed by the LSSTC 
scheme that combines the benefits of STBC, V-BLAST as well as beamforming. Then we discussed the design of the 
DSTTD followed by the LSSTS design that combines the advantages of STS, V-BLAST and beamforming with those 
of generalised MC DS-CDMA, while supporting multiple users. Finally, a comparison between the BER performance 
as well as the diversity, multiplexing and beamforming gains of the different MIMO schemes reveals that multi-
functional MIMOs are capable of attaining an improved performance over the stand-alone STBC and V-BLAST 
schemes.  

3.2 Optimum Time Resource Allocation for TDMA-Based Differential Decode-and-Forward 
Cooperative Systems: A Capacity Perspective 

3.2.1 Introduction 

User-cooperation based transmit diversity techniques [46],[47] constitute powerful arrangements of mitigating 
the deleterious effects of fading by creating a Virtual Antenna Array (VAA) from the single-antenna based shirt-pocket-
size wireless devices, hence improving the end-to-end system performance. In order to avoid channel estimation which 
may impose both an excessive complexity and a high pilot overhead in cooperative systems, especially in mobile 
environments associated with relatively rapidly fluctuating channel conditions, differentially encoded transmissions 
combined with non-coherent detection and hence requiring no channel state information (CSI) at the receiver becomes 
an attractive design alternative, especially in TDMA-based differential modulation assisted cooperative 
communications [48],[49],[50],[51].  

However, the recent TDMA-based cooperative system optimization efforts have been mainly focused on 
power allocation and relay station (RS) selection [46],[52],[51] based on a fixed and predetermined time resource 
allocation (TRA) between the source and RS. In this contribution, we deduce the optimum TRA policy for the sake of 
maximizing the DDF-aided cooperative system’s capacity, by utilizing information theoretical tools, which become 
useful in the design of near-capacity coding/decoding schemes conceived for cooperative systems, since the code rate 
employed by the source and RS is directly related to their allocated transmission duration, and may be adaptively 
selected according to our proposed TRA scheme. Furthermore, it is important to note that the cooperative diversity gain 
and the reduced-path-loss-related power gain are achieved by a half-duplex relay at the cost of suffering a significant 
throughput loss imposed by the relay’s transmissions. Hence, in the interest of achieving a high spectral efficiency, we 
also identify the scenarios, when the introduction of cooperation becomes beneficial from a pure capacity perspective.  

3.2.2 System Architecture & Channel Model 

��
��
��
��

��
��
��
��

BSCooperating MS

Source MS

DrdDsr

Pr

Ps

 

 Figure  13: Single-relay-aided cooperative cellular uplink.  

The TDMA-based DDF cooperative cellular uplink (UL) considered is illustrated in Figure  13, where a single 
cooperating mobile station (MS) is activated to forward the source MS’s signal to the base station (BS). Each MS 
employs a single antenna, owing to their cost- and size-constraints. In order to avoid CSI estimation, both the source 
and RS employ conventional differential modulation schemes, such as DQPSK. Since our emphasis is on investigating 
the TRA, we stipulate the simplifying assumption of equal power allocation and mid-point RS location, as shown in 
Figure  13.  

In order to provide a good approximation for TDMA-based cooperative systems and to facilitate the non-
coherent detection-based system capacity analysis, we consider a time-selective block-fading Rayleigh channel [53], 
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where the fading coefficients exhibit correlation within a fading block according to the normalized Doppler frequency 

df  induced by the relative movement of the tranceivers, and changes in an i.i.d. manner from block to block.  

The signals consecutively received within a fading block size of bT
 at the RS during the broadcast Phase I, 

when a total of sL
 symbols per transmission block are transmitted from the source MS, may be formulated as:  

 
I I
r s D s sr rP ,= + ,y S h w

 (9) 

where I
ry , srh , and rw  represent the received signal’s column vector, the fading coefficients’ column vector obeying 

a complex-valued Gaussian distribution 2(0 )srCN σ,  and the Gaussian noise column vector having a distribution of 
2(0 2 )wCN σ, , respectively. The diagonal matrix ID s,S  may be expressed as I

sdiag{ }I
D s, =S s , where I

ss  is the 

transmitted signal’s column vector hostingthe bT  symbols of a fading block during Phase I. Similarly, the block-wise 

signal model at the BS during Phases I and II can be expressed respectively as:  

 
I I
d s D s sd dP ,= + ,y S h w

 (10) 

and  

 
II II
d r D r rd dP ,= + .y S h w

 (11) 

3.2.3 Numerical Evaluation and Discussions  
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 Figure 14: Capacity of the single-relay-aided DDF cooperative system. 

In Figure 14 the single-relay-aided cooperative system’s capacity associated with different values of α  is 

depicted versus 
o
eγ

 using (63) in comparison to that of its adaptive-TRA-aided counterpart in conjunction with the 
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optimum α  of (64) in a typical urban cellular radio scenario associated with the path loss exponent of 3v = . It is 
observed that the latter exhibits significant capacity gains over the former with the aid of the adaptive TRA scheme.  

In order to gain further insights into the benefits of the single-relay-assisted DDF cooperative system over its 
conventional direct-transmission based counterpart from a pure capacity perspective, the capacity of the adaptive-TRA-
aided cooperative systemis depicted in comparison to that of the direct-transmission based one in Figure 15. It may be 
observed in the figure that when the overall equivalent SNR is relatively low, the TRA-optimized DDF cooperative 
system exhibits a significantly higher capacity than its direct-transmission based counterpart in typical urban cellular 

radio scenarios. More specifically, in a shadowed urban area associated with 4v = , the DDF system only requires one 
third of the total transmit power necessitated by its direct-transmission based counterpart in order to achieve a spectral 

efficiency of 0 5.  bits/s/Hz. However, the achievable capacity gain may be substantially reduced, if we encounter a 

free-space propagation scenario associated with 2v = , since the reduced-path-loss-related power-gain achieved is 
insufficiently high to compensate for the significant multiplexing loss inherent in the single-relay-aided half-duplex 
TDMA system. Moreover, as theoverall equivalent SNR increases to a relatively high value, the benefits of invoking a 
single-relay-aided cooperative system for achieving a high spectral efficiency erode.  
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 Figure 15: Capacity comparison of the single-relay-aided cooperative system and its direct-transmission based 
counterpart. 

 

3.2.4 Conclusions 

In this contribution, we proposed an optimum TRA scheme for the DDF cooperative system, which was 
verified to be capable of maximizing the network capacity through the analysis and numerical simulations.  
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3.3 Adaptive Turbo Trellis Coded Modulation Aided Distributed Space-Time Trellis Coding for 
cooperative Communications 

3.3.1 Introduction 

The wireless communication systems of future generations are required to provide reliable transmissions at 
high data rates in order to offer a variety of multimedia services. Space time coding schemes such as Space-Time Trellis 
Coding (STTC)  [34] employ multiple transmitters and receivers. They are among the most efficient techniques 
designed for providing a high diversity gain, especially for slowly-fading quasi-static Rayleigh fading channels, where 
the channel’s envelope remains near-constant within a transmission frame albeit varies from frame to frame. Hence, all 
symbols of a transmission frame tend to fade together. However, when using multiple antennas at the mobile unit it is 
difficult to eliminate the correlation of the signals due to its limited size. In order to circumvent this problem, 
cooperative diversity schemes were proposed in [46],[54],[55] and [57]. More specifically, each mobile unit 
collaborates with a few partners for the sake of reliably transmitting its own information and that of its partners jointly, 
which emulates a virtual Multiple-Input Multiple-Output (MIMO) scheme. The two most popular collaborative 
protocols used between the source, relay and destination nodes are the Decode-And-Forward (DAF) as well as the 
Amplify-And-Forward (AAF) schemes.  

Although a strong channel code can be used for mitigating the potential error propagation in the DAF scheme 
when communicating over uncorrelated Rayleigh fading channels, its performance becomes limited when 
communicating over quasi-static Rayleigh fading channels, due to the lack of temporal diversity within a transmission 
frame. In order to counteract the time-varying nature of the mobile radio channels, near-instantaneous adaptive coded 
modulation schemes [58],[59],[60] have been proposed, where a higher-rate code and/or a higher-order modulation 
mode are employed, when the instantaneous estimated channel quality is high in order to increase the number of Bits 
Per Symbol (BPS) transmitted. Conversely, a more robust lower-rate code and/or a lower-order modulation mode are 
employed, when the instantaneous channel quality is low, in order to improve the mean Bit Error Ratio (BER) 
performance.  

When communicating over quasi-static Rayleigh fading channels, each transmission frame effectively 
experiences an Additive White Gaussian Noise (AWGN) channel with a received SNR determined by the constant 
fading coefficient and the noise power. Turbo Trellis Coded Modulation (TTCM) [61], which employs two identical 
parallel-concatenated Trellis Coded Modulation (TCM) [62] schemes as component codes, is one of the most powerful 
channel coding scheme designed for communicating over AWGN channels. In this contribution, we will employ 
Adaptive TTCM (ATTCM) for protecting the source-to-relay links, where the effective throughput range is given by 

{0 1 2 3 5}η = , , , ,  BPS. A virtual MIMO system in the form of a Distributed STTC (DSTTC) scheme will be created 
by the cooperating relay nodes in order to circumvent the quasi-static nature of Rayleigh fading channels between the 
relay nodes and the destination node. In our study, both the source node and the relay nodes are equipped with a single 
transmit antenna, while the destination node, which could be a base-station, is equipped with two received antennas.  

This contribution proposed an effective solution for mitigating the lack of temporal diversity, when 
communicating over quasi-static Rayleigh fading channels. On one hand, the ATTCM scheme effectively realised the 
full-potential of various TTCM schemes, when communicating over the source-to-relay links, where error propagation 
imposed by the DAF-aided relay nodes is minimised. On the other hand, the DSTTC scheme offers spatial diversity to 
the relay-to-destination links for assisting the STTC-TTCM decoder at the destination node to minimise the probability 
of decoding errors.  

The section is organised as follows. Our system model is described in Section 3.3.2, while our system design is 
outlined in Section 3.3.3. Our results are discussed in Section 3.3.4, while our conclusions are offered in Section 3.3.5.  
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3.3.2 System Model 
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 Figure 16: Schematic of a two-hop relay-aided system, where abd  is the geographical distance between node a  

and node b . 

The schematic of a two-hop relay-aided system is shown in Figure 16, where the source node (s) transmits a 

frame of coded symbols s
x

 to N  number of relay nodes (r ) during the first transmission period. Each relay node first 

decodes and re-encodes the information. Then all the N  cooperating relay nodes will collectively form a virtual 

MIMO frame of coded symbols 1 2[ ]T
r N…= , , ,X x x x

 for transmission to the destination node during the second 
transmission period. The communication links seen in Figure 16 are subject to both free-space propagation path loss as 

well as to quasi-static Rayleigh fading. We consider 2N =  relay nodes in our model. Each source and relay node is 

equipped with a single antenna, while the destination node is considered to be a base-station assisted by 2M =  
receive antennas.  

Let abd
 denote the geometrical distance between nodes a  and b . The path loss between these nodes can be 

modelled by [63]: 

 ( ) abP ab K dα= / ,  (12) 

 
where K  is a constant that depends on the environment and α  is the path-loss exponent. For a free-space path loss 

model we have 2α = . The relationship between the energy 
isrE  received at the i th relay node and that of the 

destination node sdE  can be expressed as:  

 

( )

( )i i

i
sr sd sr sd

P sr
E E G E

P sd
= = ,

 (13) 

 

where 
isrG  is the geometrical-gain [63] experienced by the link between the source node and the i th relay node with 

respect to the source-to-destination link as a benefit of its reduced distance and path loss, which can be computed as:  

 

2

i

i

sd
sr

sr

d
G

d

 
= .  
   (14) 

 
Similarly, the geometrical-gain of the i th relay-to-destination link with respect to the source-to-destination link can be 
formulated as:  

 

2

i

i

sd
r d

r d

d
G

d

 
= .  
   (15) 

 

Naturally, the geometrical-gain of the source-to-destination link with respect to itself is unity, i.e. we have 1sdG = .  
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The k th received signal at the i th relay node during the first transmission period, where sN  symbols are transmitted 

from the source node, can be written as:  

 i i i isr k sr sr s k r ky G h x n, , ,= + ,
 (16) 

 

where {1 }sk … N∈ , , , {1 }i … N∈ , ,  and 
isrh  is the quasi-static Rayleigh fading coefficient between the source node 

and the i th relay node, while 
ir kn ,  is the AWGN having a variance of 0 2N /  per dimension. The j th symbol 

received at the destination node during the second transmission period, where rN  symbols are transmitted from each 

relay node, is given by:  

 1
i i i

N

rd j r d r d r j d j
i

y G h x n, , ,
=

= + ,∑
 (17) 

 

where {1 }rj … N∈ , ,  and 
ir dh  denotes the quasi-static Rayleigh fading coefficient between the i th relay node and the 

destination node, while d jn ,  is the AWGN having a variance of 0 2N /  per dimension. Note that the power 

transmitted by each relay node is normalised to ensure that 2

1
1

i

N

r ji
x ,=

| | =∑ .  

If a jx ,  is the j th symbol transmitted from node a  equipped with a single transmit antenna, the average received 

Signal to Noise power Ratio (SNR) experienced at each receive antenna at node b  is given by:  

 

2 2

0 0

E{ }E{ }E{ }
SNR ab ab a j ab

r

G h x G

N N
,| | | |

= = ,
 (18) 

 

where 2E{ } 1abh| | =  and 2E{ } 1a jx ,| | = . For the ease of analysis, we define the ratio of the power transmitted from 

node a  to the noise power encountered at the receiver of node b  as:  

 

2

0 0

E{ } 1
SNR a j

t

x

N N
,| |

= = .
 (19) 

 
Hence, we have:  

 SNR SNRr t abG= ,  

 1010log ( )[dB]r t abGγ γ= + ,  (20) 

 

where 1010log (SNR )r rγ =  and 1010log (SNR )t tγ = . Therefore, we can achieve the desired SNRr  either by 

changing the transmit power or by selecting a relay node at a different geographical location.  

3.3.3 System Design 

If each relay node is equipped with a single antenna, a non-adaptive scheme would require a high transmit 
power in order to maintain a low number of decoding errors at the relay node, even when a powerful channel encoder is 
utilised for communicating over quasi-static Rayleigh fading channels. This is due to the lack of temporal diversity 
within a transmission frame. Hence, if the destination node is equipped with two antennas, a non-cooperative coded 
scheme may potentially outperform the DAF-aided cooperative coded schemes assisted by single-antenna relay nodes 
due to the high error inflicted by each relay node, when communicating over quasi-static Rayleigh fading channels. 
Furthermore, unless a separate power-control loop is provided for the source-to-relay links, the associated BER would 
be high. Finally, the co-channel interference also exhibits a substantial fluctuation. Due to these reasons, we proposed a 
near-instantaneous adaptive coded modulation scheme for protecting the source-to-relay links.  

In our ATTCM-DSTTC scheme, we consider the following five TTCM modes:  

1. No transmission (NoTx): 0 BPS,  

2. TTCM-4PSK: 1 BPS,  
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3. TTCM-8PSK: 2 BPS,  

4. TTCM-16QAM: 3 BPS,  

5. TTCM-64QAM: 5 BPS,  
where all TTCM schemes employ memory-three TCM component codes [31]. We consider 2N =  relay nodes in the 
system. The signal received at each relay node is decoded according to the TTCM mode used and the decoded bits are 
stored in a buffer, as shown in Figure 17. Then, a fixed-mode TTCM scheme, namely TTCM-4PSK, is used at each 
relay node in order to re-encode the decoded bits stored in the buffer. The re-encoded TTCM symbols are then symbol-

interleaved using rπ  and passed to an STTC encoder. Since each relay node has a single antenna, the first relay node 

will act as the first antenna of a two-antenna STTC scheme, while the second relay node will act as the the 
corresponding second antenna. Our destination node is a base-station equipped with 2M =  receive antennas. Hence, a 
virtual (2 2× )-element MIMO system is created between the relay and destination nodes.   
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Figure 17: The schematic of the proposed ATTCM-DSTTC system. 
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 Figure 18: The schematic of the STTC-TTCM decoder. 

Finally, iterative decoding between the STTC and TTCM decoders is carried out at the destination node. The 

schematic of the STTC-TTCM decoder is shown in Figure 18, where extrinsic information is passed between the two 
decoders in the form of probability vectors. More specifically, each of the two constituent decoders is labelled with a 

round-bracketed index. The notations P , E  and A  denote the a posteriori, extrinsic and a priori  symbol 
probabilities, respectively. The probabilities associated with one of the two constituent decoders are differentiated by 
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the superscripts of 1 and 2. The notations rπ
 and 

1
rπ −

 denote the symbol-based interleaver and deinterleaver, 
respectively.  
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 Figure 19: BER versus SNRr  performance of the various TTCM modes using a frame length of 12 000sN =  

symbols when communicating over AWGN channels. 16 turbo iterations is invoked in each TTCM decoder.  

The ATTCM switching thresholds 0 1 2 3[ ]γ γ γ γΓ = , , ,
 are determined based on the performance of each of 

the four TTCM modes in the AWGN channel shown in Figure 19, where we have SNRr =
 SNRt  when 

1
isrG =

. 
Specifically, the ATTCM mode switching operation is based on the following algorithm:  

 

0

0 1

1 2

2 3

3

NoTx                   if 

TTCM 4PSK,       if 

Mode TTCM 8PSK,       if 

TTCM 16QAM,   if 

TTCM 64QAM,   if 

r

r

r

r

r

γ γ
γ γ γ
γ γ γ
γ γ γ
γ γ

, ≤
 − < ≤= − < ≤
 − < ≤

 − <  (21) 

where 2
0i ir sr srG h Nγ = | | /  is the instantaneous received SNR at a given relay node. In order to minimise the 

potential error propagation imposed by the relay nodes, we chose the switching thresholds to ensure that the BER at the 

relay node is lower than 610− , which is given by [1 5 8 0 12 0 18 5]Γ = . , . , . , .  dB. Since we have 2N =  source-to-

relay links, the ATTCM mode switching is based on the link having the lowest instantaneous received SNR.  
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 Figure 20: The PDF of each TTCM mode chosen for a given SNRr  as well as the corresponding BPS values, 

when communicating over quasi-static Rayleigh fading channels and maintaining a BER below 610− . 

The Probability Density Function (PDF) of each TTCM mode chosen for a given SNRr  is shown in Figure 20 

together with the corresponding BPS curve. Note from Figure 20 that as SNRr  increases, the higher-order TTCM 
modes are chosen more frequently compared to the lower-order counterparts. As a result, the BPS throughput increases 

smoothly, as SNRr  increases.  

3.3.4 Results and Discussions 

In order to benchmark our ATTCM-DSTTC scheme, we have also studied the following five non-cooperative 
schemes: uncoded BPSK-1x2, BPSK-STTC-2x2, TTCM-4PSK-1x1, TTCM-4PSK-1x2 and TTCM-4PSK-STTC-2x2, 

where the notation N M×  denotes a system employing N  transmitters2 and M  receivers. All destination nodes in 
the benchmark schemes employ two receivers. The Frame Error Ratio (FER) performance of these four non-cooperative 
schemes is plotted together with that of the proposed ATTCM-DSTTC-2x2 scheme in Figure 21.  

                                                           
2Or N  number of relay nodes as in the case of our proposed ATTCM-DSTTC scheme. 
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 Figure 21: FER versus SNRt  performance of the BPSK, BPSK-STTC, TTCM-4PSK, TTCM-4PSK-STTC and 

ATTCM-DSTTC schemes when communicating over quasi-static Rayleigh fading channels. The notation 

N M×  denotes a system employing N  transmitters and M  receivers. A BER below 610−  is maintained at the 
relay nodes of the ATTCM-DSTTC scheme.  

The 2N =  relay nodes are located at the mid-point between the source and destination nodes, hence we have 

4
i isr r dG G= =

, which corresponds to 6 dBs geometrical-gain for both the source-to-relay and relay-to-destination 

links. As seen from Figure 21, the uncoded BPSK-1x2 scheme requires 23tSNR =  dBs in order to achieve an FER of 
310−
. With the aid of two transmit antennas, the BPSK-STTC-2x2 scheme requires 7 dBs less transmit power to 

achieve the same FER of 
310−
, as compared to the single transmit antenna aided BPSK-1x2 scheme. When the TTCM-

4PSK scheme is introduced to replace the BPSK scheme, more than 6 dBs gain can be achieved for both the single-
antenna and twin-antenna aided systems. As a benefit of the space-diversity offered by the STTC component and the 
temporal diversity offered by the TTCM component, the TTCM-4PSK-STTC-2x2 scheme outperforms the BPSK-1x2 

scheme by more than 14 dBs at FER 
310−= . Further 6 dBs of geometrical-gain was achieved by the proposed 

ATTCM-DSTTC-2x2 scheme. Observe in Figure 21 that the cooperative ATTCM-DSTTC-2x2 scheme outperforms the 
non-cooperative TTCM-4PSK-1x2 with the aid of two relay nodes, by approximately 12 dBs, when aiming for a FER 

of 
310−
. The above-mentioned BPSK-STTC-2x2, TTCM-4PSK-STTC-2x2, ATTCM-DSTTC-2x2 schemes do not 

perform decoding iterations between the inner STTC decoder and the corresponding outer decoder. A further coding 
gain of 0.5 dB is attained by the ATTCM-DSTTC-2x2-iter scheme with respect to the ATTCM-DSTTC-2x2 scheme, 
when a single iteration is invoked between the STTC and TTCM decoders.  

Notice from Figure 21 that the TTCM-4PSK-1x1 scheme requires 30tSNR =  dBs in order to achieve an 

FER of 
310−
. Hence, if a non-adaptive TTCM-4PSK scheme is employed at the single-antenna aided source node and 

all the single-antenna assisted relay nodes are located at the mid-point between the source and destination nodes, then 

30 6 24tSNR = − =  dBs is required between each of the source-to-relay links. On the other hand, the non-

cooperative TTCM-4PSK-1x2 scheme requires only 14 5tSNR ≈ .  dBs to achieve the same FER, when the destination 

node is equipped with two receive antennas. Hence, when the destination node is assisted by two receive antennas, a 
DAF-aided cooperative scheme employing a fix-mode coded scheme at the source node would not be able to 
outperform the non-cooperative coded scheme due to the high error inflicted by each single-antenna assisted relay node 
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for transmission over quasi-static Rayleigh fading channels. This observation further justifies the rationale of employing 
adaptive coded modulation at the source node.  

It is also worth mentioning that at 3tSNR =  dB as shown in Figure 21, the corresponding average received 

SNR at each relay node is given by 103 10log (4) 9rSNR = + =  dBs, when the relay nodes are located at the mid-

point between the source and destination nodes. This SNRr  value corresponds to BPS1 0≈ .  according to the ATTCM 

scheme in Figure 20. Hence, the ATTCM scheme requires approximately 24 3 21− =  dBs lower transmission power 
compared to a fixed mode TTCM-4PSK scheme, for transmitting 1 BPS from the source node to the relay nodes. 

3.3.5 Conclusion 

An attractive cooperative scheme was proposed based on adaptive coded modulation and distributed space-
time coding for communicating over quasi-static Rayleigh fading channels. The adaptive coded modulation scheme was 
utilised for protecting the source-to-relay links, while the distributed space-time code was employed for enhancing the 
reliability of the relay-to-destination links. It was shown that mobile units equipped with a single antenna are capable 
establishing an energy-efficient wireless cooperative network. More specifically, the proposed cooperative ATTCM-

DSTTC-2x2 scheme outperforms the uncoded non-cooperative BPSK-1x2 scheme by over 20 dBs at a FER of 
310−
, 

when communicating over quasi-static Rayleigh fading channels.  

3.4 Effects of Power Allocation and Reuse Distance in Relay-Assisted Wireless 
Communications with Mutual Interference 

3.4.1 Introduction 

This section reports on the novel contributions related to the performance evaluation of Relay-assisted 
cooperative communication systems with respect to link geometry and power allocation among terminals. In the 
deliverables D2.2a and D2.2b we introduced a system architecture based on the use of simple scalable space time 
coding  for the  implementation in the downlink of a wireless communication system, providing elements for code 
design in block fading channels, including the quasi-static case typical of indoor and pedestrian scenarios and results 
addressing the effects of  relay geometry and power allocation  on the performance of the outlined space-time coded 
architecture. However, when multiple cells with sources, destinations, and relays are considered in the application 
scenario, the mutual interference can be a limiting factor which needs to be characterized. Here, in this document, we 
investigate the effects of relay position and power allocation strategy for cooperative communications employing space-
time codes (STCs) under interference constraints due to a second cell with relay that reuse the resources.  

In conjunction with MIMO techniques, cooperative communication is considered an enabling technique for 4G 
wireless systems as a new paradigm in wireless networks to cope with fading, increase capacity and diversity gain, and 
extend coverage. The relay channel model enables the exploitation of distributed antennas belonging to multiple 
relaying terminals to obtain a form of space diversity referred to as cooperative diversity [64][65][66][67]. In fact, relay 
capability are included in IEEE 802.16m standard, as well as in LTE-Advanced specifications. In a cellular network 
with relays, other issues arise and affect the performance at the destinations, such as the intercell interference caused by 
sources and relays transmissions from cells that spatially reuse the same resources (in time and frequency)[68]. This 
calls for power allocation methods that consider also the geometry and the amount of interference generated by sources 
and relays, and try to minimize the reuse distance for a given target performance at the destination. 

In our framework we look carefully at the quality of the links involving the relay (i.e., source-to-relay and 
relay-to-destination) in the presence of mutually interfering cells for both useful and interfering links with three-folds 
goal: (i) evaluate the performance in a more realistic scenario where both the geometry and the link quality impact the 
effectiveness of cooperation and the performance at the destination, (ii) investigate the impact of interference to power 
allocation strategies and performance, and (iii) provide some insight on how to determine the reuse distance based on 
both geometrical and link quality conditions, and power utilization. 

The frame error rate at the destination for various channel conditions, available diversity, relays positions, 
power allocation, and amount of interference is then obtained. Results are shown for cooperative pragmatic STC in 
block fading channel (BFC)[69][70]. 
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Figure 22: One-dimensional example of two-phase relaying scheme: phase 1 (continuous line), phase 2 (dashed 
line). Source, relays and destination nodes are denoted with S, R, D, respectively. Interfering signals in phases 1 

and 2 are in red. 

3.4.2 System Model 

 We consider the downlink of two cells with reuse distance  between the two sources and relays in fixed 

positions at a distance  from the source (all distances are normalized to source-relay distance, i.e ). 
Destinations are mobile and, in the one-dimensional example scenario shown in Fig. 1, they move around the respective 
sources. The cooperative scheme follows time-division channel allocations with orthogonal cooperative diversity 

transmission [70]. Each source  divides the time-slot in two equal segments, the first from time  to  and the 

second from  to , where  is the segment duration. In the first segment the source broadcasts its 
coded symbols, in the second segment all the active relays (which are able to decode the message) forward the 
information through proper encoding to take advantage of the total available diversity. Thus, the design of proper STC 
for the two phases is crucial to maximize both achieved diversity and coding gain. 

We assume  transmitting antennas at each terminal,  and  receiving antennas at the relay  and at the 

destination, respectively. Hence,  transmitting antennas will be used in the first phase and a total of  

transmitting antennas will be used in the second phase, where  is the number of potential relays.3 The positions of 
destinations are initialized at the beginning of a data communication session and are kept unchanged over the session. 

We indicate with  and  the modulation symbols transmitted by node  (  for the source) on the 

antenna  at discrete time  for the useful and the interfering cell, respectively. Each symbol is assumed to have unit 

norm. Note that symbols  and  are transmitted at time , while symbols  and  for  are 

transmitted at time . In the first phase, symbols  and  are received by each relay of the respective cell; if 
correctly decoded4 then the relay re-encodes and forwards to the destination. The received signals corresponding to all 

symbols  and  are jointly decoded by the destinations, respectively for the useful and the interfering cell, at the 

reference time . We also denote with  and  the super-symbols, which are the vector of the  outputs 
of the ``virtual encoder'' constituted by source and relays encoders for the two cells, respectively. A codeword is a 

sequence of  super-symbols generated by the source and relays' encoders of the two cells. These codewords are 

interleaved (i.e., permutation in time , see [70]) and sent through the BFC. 

The channel model includes AWGN, additive interference, and multiplicative flat fading, with Rayleigh 

distributed amplitudes assumed constant over blocks of  consecutive transmitted space-time symbols and independent 
from block to block. Perfect channel state information is assumed at the decoder for each node, whereas the transmitters 
only know the mean channel gain for power allocation. 

For the destination D the transmitted super-symbol at time  goes through a compound channel described by 

the  channel matrix  

  
                                                           
3The notation is kept general in the number of relays  while the results will be obtained for . 
4We assume CRC perfectly recognizing if a codeword is correctly decoded. 
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where , and  is the channel gain between transmitting antenna  ( ) of the 

terminal  and receiving antenna  at the destination D ( ). The channel matrix for the links between 

interferers and destination in the useful cell is  where , and 

 is the channel gain between transmitting antenna  ( ) of the terminal  and receiving antenna  at 

the destination D ( ). In the BFC model these channel matrices do not change for  consecutive 

transmissions, hence we actually have only  possible distinct channel matrix instances per codeword.5 

Similarly, in the first phase the  relay  of the useful and the interfering cells experience a channel described by 

the  channel matrix  for the useful and  for the interfering 

cell;  and  are the channel gains between transmitting antenna  ( ) of the source and 

receiving antenna  at the relay  ( ). 

We now define  and  the set of interferers seen by the destination in phase 1 and 2, respectively. 

The sequence of received signal vectors at the destination is after de-interleaving , where the 

received vector at time  is  with  

 (22) 

 (23) 

for phase 1 and 2, respectively, with . In this equation  is the signal-space representation of the 

signal received by antenna  at time  in phase , the noise terms  are i.i.d. complex Gaussian r.v., with zero 

mean and variance  per dimension, and the r.v.  and  represent the de-interleaved complex 

Gaussian fading. Similarly, we define  the set of interferers to the relay  in phase 1 and its received signal 

vector at time  is  with components  

 (24) 

for . We assume spatially uncorrelated channel gains i.n.i.d. Complex Gaussian r.v. with zero mean 
and variance per dimension given by  
 

 (25) 

                                                           
5For the sake of simplicity we assume  and  such that  is an integer. When  we have the ideally interleaved 
fading channel (i.e., independent fading levels from symbol to symbol), while for  we have the quasi-static fading 
channel (fading level constant over a codeword); by varying  we can describe channels with different correlation 
degrees. 
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where, if we normalize all the distances to source-relay distance , we have  

 

 

 

 

 

 

 Here, as an example,  is the distance between relay  and destination of the useful cell, and  is 

the distance between relay  of interfering cell and destination of the useful cell. A path-loss proportional to  is 

assumed at the distance . 

3.4.3 Outage Probability and power allocation methods 

 A performance metric for cooperative wireless networks which can drive the power allocation methods is the 
outage probability. We evaluate the outage probability for a simplified cooperative system which captures main 
characteristics of the cooperating links (e.g., the diversity achieved) and enables us to obtain insights on power 
allocation methods. We aim to capture the role of diversity for a system with MIMO links by means of a tractable 
model. 

We consider two simplifying assumptions. The first assumption is that each link works as a single-input 

multiple-output system with  outputs where the receiver combines signals over multiple antennas through 

maximal ratio diversity processing; here, the interference comes at each receiver antenna from  sources, where  is 

the number of interfering nodes multiplied by . The second assumption is that the destination selects the signal with 
the greater SNR, among the one from the source or those from the relay. This enables us to investigate the power 
allocation between source and relay independently of the particular space-time cooperative scheme if it achieves full 
diversity on each link. 

We restrict here our derivation to the case with one relay ( ). The source transmits with energy per 

symbol  and the relay forwards the message to the destination with energy per symbol  if it is not in outage 
(i.e, the error probability at the relay is lower than a target error probability and, consequently, the SNR is greater than 

the required SNR ). The constraint on the total energy per symbol over the two phases gives  and 

. 

The selection diversity between signals from source and relay gives the following outage probability at the 
destination  

  

                                         (26) 

The c.d.f. of the SNR  on the link  (the reader may substitute SD, SR, or RD to  depending on the link 

considered) and for  interfering signals with equal power and MRC is given by [71]  

 

  

  
          (27) 
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which depends on the diversity  and mean SNR  from the useful and  from the interfering link. By 

considering the channel model assumptions made in the previous section, we have:  at each link, 

, , , ,  and 

, where  is the SNR . The  are the fractions of power allocated to source and 
relay in the interfering cell, respectively. 

The average transmitted energy per symbol , when the relay ( ) is active, is equal to 

. The energy transmitted per information bit is  where  is the number of bits 

per modulation symbol and  is the code-rate of the cooperative space-time code. As far as power allocation (PA) 

among source and relays is concerned (i.e., the way to fix values of ) we consider the following strategies: 

o Uniform PA: the source and all relays transmit with equal power  in both the useful 

and the interfering cells (thus ); 

 

o  Balanced PA: the power among source and relay is balanced such that the average received power at 
the destination in phase 2 is the same of the received power at the relay in phase 1. Thus, the source 

transmits with  and the relay with  leading to 

. We also evaluate  half-compensation power control [72] for which 

 is substituted by  

  (28) 

o  Outage-based PA: the power among source and relays are balanced to minimize the maximum 
between outage probabilities at the destinations of the useful and the interfering cells. This requires a 
genius that allocates the power looking at the channel gains of both cells. When this is not available, 
one can minimize the outage probability at the destination of each cell without considering the 
performance in the other cell. In this case, if we denote the outage probability at the destination as 

 to emphasize the dependence on power allocation of the two mutually 

interfering systems, we get  as solution of the problem  

 

 (29) 

for a fixed value of  which represents an arbitrary estimation of power allocation in the interfering cell. When 

, PA ignores the interference: for this simple case, some analytical approximated solutions are 
discussed in [73]. 

3.4.4 Performance evaluation and discussion of results 
  

In the case of the relay scheme shown in Figure 22, the probability of transmission failure over the two phases 
depends on the number of relays available for cooperation and on the quality of links SD, SR, and RD, as well as the 
amount of interference on receivers of the two phases. 

Depending on terminals' positions the relays are set by looking at those that are able to guarantee effective 
cooperation with the source and to satisfy the target performance at the destination. Sometimes, due to fast fading 
fluctuations, it may happen that a relay is not able to decode the source codewords in the first phase. Let us denote by 

 the error probability for source-destination link,  the error probability for the source-  relay link, and 

with  the error probability for the link from the source plus active relays (  being the set of active relays) to 
destination. The error probability at destination for one relay is given by  
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  (30) 

which can be generalized for multiple relays. Note that these performance metrics are functions of system parameters as  

 

 

 

 
 

 We will evaluate the error probability by simulation averaging over various positions of the destination of the 
interfering cell. 

For the goal of our contribution, we consider space-time trellis codes for relaying networks by using the 
pragmatic approach of [69] and the efficient search for generators of cooperative P-STC in BFC discussed in [70].  

In this sections we show two sets of results: the outage probability of the simplified system which captures the 
diversity level achieved in each link, described in Section 3.4.3, for different power allocation strategies, and the mean 
FER at the destination averaged over rapid processes, such that those related to BFC evaluated for COP-STC as a 

function of destination position, reuse distance, BFC characteristics (i.e., values of ), and power allocation strategy. 

We refer to a system with two mutually interfering cooperative systems with one relay as in Figure 22 with  

transmitting antennas per node,  receiving antennas at the relay,  receiving antenna at the destination. 
All possible destinations' positions on a one-dimensional linear scenario are evaluated with distances normalized to 

. The source-destination distance of the useful system is denote with , whereas the source-destination distance 

of the interfering system is denoted with . The path-loss coefficient is  which is feasible choice for many 
wireless scenarios. 

 

 

Figure 23: Outage probability as a function of the positions  and  of the two destinations. First plot is for 

uniform PA and second plot is for balanced PA with half-compensation. Other parameters: , , 

, ,  dB, . 
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Figure 24: Outage probability as a function of the positions  and  of the two destinations. First plot is for 

Outage-based-PA with  and second plot is for Outage-based PA with . Other parameters: 

, , , ,  dB, . 

   

Figure 23  and Figure 24  are 2-dimensional plots that show the outage probability of the useful system as a 

function of each pair ( ) of destinations' positions. The different plots are obtained for four different allocation 
strategies: uniform PA, balanced PA with half-compensation, outage-based PA for systems without interference and 

outage-based PA with . We can note that the different strategies have different behaviors when varying 

: some behave well when the interfering destination is near its source, whereas others behave worse. From these 
figures we can obtain the coverage region enabled by the use of the relay for a given target outage probability. As an 

example, from the figures, for a target of  the maximum coverage distance  for both the destinations (the 

target has to be achieved for all the points ( )) is 1.37 for uniform PA, 1.32 for both 

balanced PA and outage-based PA for systems without interference, 1.38 outage-based PA with , 

. In general the best behavior is obtained by outage-based PA, although it is not so distant from uniform 
PA. 

The next results in terms of simulated FER are obtained for COP-STC with  states and BPSK constellation 

signaling, code-rate , generators  as from [70], , and with the power allocation 

strategies discussed before. Various BFC are considered. The SNR is defined as  per receiving antenna element 

where  is the total energy per information bit over all transmitting nodes and averaged with respect to fading. In the 

figures we use dB and the FER is averaged over a uniformly distributed position for the destination of 
the interfering system in a range of 0.5 around its relay. 

Figure 25 compares the behavior of different power allocation strategies in four cases of reuse distance and 
number of BFC. In red dash the FER for the link source-to-destination in the absence of relaying is shown to understand 
where the cooperative relay improves the performance.  

Figure 26 compares different situations for the reuse distance, after having fixed the use of outage-based PA. 
We observe in this case the good behavior of outage-based PA and the real benefit in coverage that the use of relay is 
able to achieve even in the presence of interference. 
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[ ,  and .]                           [ ,  and .]  

Figure 25: FER with uniform (continuous), balanced (dashed) and outage-based (dotdashed) PA for various 
destination's positions along the line containing S and R, dB,  and for L=1,5. Dashed 

red line inidicates the performance without cooperation. 

 

 
[ ,  and .]                           [ ,  and .] 

 

Figure 26: FER with outage-based PA and without cooperation (red lines) for various destination's positions 

along the line containing S and R, dB,  (continuous), 4 (dashed),5 (dotdashed)  
and for L=1,5. 
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4 Packet Erasure Correcting Codes 

4.1 Analysis and design of packet erasure codes based on high order Galois Fields 

In this section, packet erasure correcting codes constructed on nonbinary finite fields, under maximum 
likelihood (ML) decoding, are investigated. Although the analysis is conducted for fountain codes [74], all results can 
be easily extended to low-density parity-check (LDPC) codes [82].  

Fountain codes have been introduced in [74] as a possible solution for information delivery in broadcast and 
multicast networks. A fountain encoder is capable to produce an undefined amount of encoded symbols (or output 
symbols) out of a source block formed by k source symbols (or input symbols). In broadcast and multicast networks, 
each user collects symbols generated by the fountain encoder. Once a sufficiently large amount of symbols has been 
received, the user is able to recover the k input symbols. For an ideal fountain code this amount coincides with k: the 
decoder is able to recover the source block from any set of k output symbols. For real fountain codes, the source block 
is recovered with a probability that is non-decreasing with the number of symbols received in surplus with respect to 
(w.r.t.) k. This integer number is referred to as the overhead, here denoted by δ. 

Fountain codes are usually adopted in communication networks to recover lost packets. Here, an object (e.g., a 
file) is divided into k source packets, all of the same length L [bits], out of which the encoder produces an undefined 
amount of encoded packets, each of length L [bits]. If a binary fountain code is used, each encoded packet may be 
obtained as a bit-wise XOR of a subset of the source packets. Similarly, for a fountain code over a Galois field Fq with 
q>2, each source packet is regarded as a collection of L / log2q symbols in Fq: each encoded packet is obtained as a 
symbol-wise sum (in Fq) of a subset of the source packets. Hence, for a given object the encoding latency can be kept 
constant, regardless the Galois field order used for performing the linear combinations. 

Next, two classes of fountain codes are considered, namely, linear random fountain (LRF) codes and Raptor 
codes [75]. For both, maximum likelihood (ML) decoding is adopted. The decoding error probability of LRF codes over 
Galois fields of order q ≥ 2, as a function of the overhead, is first investigated. It is shown through tight upper and lower 
bounds that, by adopting a code construction on non-binary fields, the probability of decoding success can be largely 
increased for the same overhead. Then, it is illustrated through simulation how Raptor codes constructed on Galois 
fields of order q ≥ 2 are capable to closely approach the performance of LRF codes even for small overheads. 

 

4.1.1 Linear Random Fountain Codes over Fq 

Let c=[ci]i=0,…,k-1 in Fq k be a vector of k input symbols. (Note that throughout this section vectors will be 
intended as column vectors.) A LRF code over Fq is a random linear map Fq k → Fq N, where Fq N denotes the set of 
all sequences over Fq. The encoder generates the output symbol ej, j in N, as follows: 

o for each input symbol ci, a coefficient gji in Fq is picked independently with uniform probability; 

o the output symbol ej is computed as  ej  = ∑i=0
k-1 gji ci, where all operations are performed in Fq. 

Assume the fountain encoder generates a stream of n output symbols. Denoting these symbols by e(0,…,n-1), 
we have e(0,…,n-1)=G(0,…,n-1) c, where 

 (31) 

 Note that, in general, G(0,…,n-1) is a dense matrix. The index j in N assigned to the output symbol ej is 
also known as the encoded symbol identifier (ESI). For an ESI j, we let Θj = {gji: i=0,…,k-1}. 

Assume k+δ ≥ k output symbols e(j1,…,j(k+δ)) are collected at the receiver (the other transmitted symbols being 
erased by the channel) and let J={ j1,…,jk+ δ} be the set of ESIs of these symbols. 

We have 

 (32) 
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where G(j1,…,j{ k+δ})  is the ((k+δ)×k) matrix composed of the k+δ rows of G(0,…,n-1)  whose indexes belong to J. ML 
decoding consists of solving (32) through Gaussian elimination to recover all k input symbols c. Note that, to this 
purpose, for each collected output symbol ej, the decoder needs the corresponding Θj. (In real systems, Θj is not usually 
transmitted as it is obtained by the decoder through the same pseudo-random generator used for encoding, starting from 
ESIs. Therefore, is is sufficient to transmit the ESI together with the corresponding output symbol.) Decoding is 
successful if and only if rank(G(j1,…,j{ k+δ}))=k. The decoding error probability is then given by (see, e.g., [76]) 

 (33) 

The decoding failure probability of a LRF code over Fq, under ML decoding, fulfills  

 (34) 

with equality for the lower bound if and only if k=1. The lower bound is obtained by observing that 1–Pe(k,δ,q)=Πi=1
k 

(1–qi-1-k-δ) ≤ (1–qk-1-k-δ) = 1–q-1-δ, where the inequality is due to each factor being less than 1. Note that equality holds if 
and only if k=1. 

The upper bound is proved by induction on k.  The bound holds for k=1. In fact, 1–Pe(1,δ,q)=1-q-1- δ = 1-(1/q) 
q-δ > 1–q-δ/(q-1). Assuming the bound is true for k, then it is true also for k+1. In fact, 1 – Pe(k+1,δ,q) = Πi=1

k+1 (1–qi-1-k-1-

δ) =[1–Pe(k,δ+1,q)](1–q-1-δ) > (1–q-1-δ/(q-1) )(1–q-1-δ) > 1-q-δ/(q-1), where the first inequality is due to the bound for k, 
and the second inequality can be easily verified. 
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Figure 27: Lower and upper bounds on the decoding error probability of LRF codes over Fq, for q=2, 4, 8, 64, 
256. The bounds are  independent of k. 

Remarkably, the upper bound and the lower bound in (34) are independent of the number k of input symbols, 
which allows to develop considerations valid for all k. The bounds are depicted in Figure 27 as functions of δ for q=2, 4, 
8, 64 and 256. The two bounds converge for large q and the gap between them is very small for all q. It can be verified 
that the upper bound is extremely tight even for q=2 and k in the order of a few tens. Figure 27 reveals an inherent 
advantage, in terms of performance for the same overhead, of constructing the code on higher order Galois fields for a 
given k. For example, with only one symbol of overhead, we have Pe ≈ 2.5 10-4 for all k over F64, while we have Pe ≥ 
2.5 10-1 for all k over F2. 

The independence of the two bounds from k and the small gap between them emphasize a weak dependence of 
the performance on k, for a given overhead and Galois field order. Note that using a large block size k increases the 
fountain code efficiency defined as η=k/(k+δ). However, LRF codes are not practical for large source blocks due to 
prohibitive O(k3) complexity of ML decoding, in terms of both number of additions and number of multiplications in 
Fq. 

Given a value of error probability, the efficiency gain of a non-binary code w.r.t. a binary one becomes 
remarkable for small blocks (i.e., small k). Hence, the use of non-binary codes is appealing for small objects. 

4.1.2 A Class of Raptor Codes over Fq 

A Raptor code is obtained by concatenating an outer high rate code (pre-code) with an inner LT code [78]. We 
derive Raptor codes on Fq from their binary counterparts. In the process, we focus on the class of binary Raptor codes 
specified in [79], whose encoder is depicted in Figure 28. A non-systematic LT encoder generates the output symbols 
from l=k+s+h symbols f, known as the intermediate symbols. These latter symbols are generated by pre-coding the k 
symbols dk. We have fT=[dk

T | ds
T | dh

T], where the s symbols ds are known as the LDPC symbols and the h symbols dh as 
the half symbols. The (s×k) and (h×(k+s)) encoding matrices GLDPC and GH, the encoding matrix GLT of the inner LT 
code and the parameters s and h, depend on k and are specified in [78]. A systematic Raptor encoder is obtained through 
a rate-1 linear pre-coder that generates the k symbols dk from the k input symbols c. This precoder can be represented as 
the product between c and a properly chosen full-rank (k×k) matrix, denoted by GT

-1 in Figure 28. Adopting the same 
notation as the previous subsection, , we now have e(0,…,n-1)= GLT(0,…,n-1) f. Note that, as opposed to G (0,…,n-1)  for a LRF 
code, GLT(0,…,n-1)  is a sparse matrix. 

 
 

 
 

Figure 28: Block diagram of the systematic Raptor encoder specified in [79]. 

 We derive Raptor codes over Fq by extending to non-binary fields the encoder structure depicted in Figure 28, 
i.e., by replacing all component encoders with non-binary counterparts. Specifically, we replace each non-zero entry in 
GLDPC, GH, and GLT(0,…,n-1) with an element picked randomly in Fq \ {0}. 

Next, encoding and decoding are described. The set of constraints on the Raptor output symbols can be 
represented in a compact way, including the constraints imposed both by the pre-coder and by the LT encoder, as 



OPTIMIX FP7-ICT    ─   Grant agreement n°214625 project Deliverable D2.2c version 1.1 

FP7 ICT Call 1 Key line 1.5 “Networked Media” Page   50 /80 

 

where 0 is the length-(s+h) all-zero column vector and A(0,…,n-1) is a ((s+h+n)×l) matrix over Fq called the constraint 
matrix, given by 

 

Here, I s and Ih$ are the (s×s) and (h×h) identity matrices, respectively, and Z is the (s×h) all-zero matrix. In 
general, A(0,…,n-1) is a sparse matrix. 

We use next the notation A(j1,j2,…,jr ) to indicate the ((s+h+r)×l) sub-matrix of A(0,…,n-1) obtained by selecting only 
the rows of GLT(0,…,n-1)  corresponding to ESIs (j1,j2,…,jr). 

Encoding exploits the (l×l) sub-matrix A(0,…,k-1) formed by the first l rows of A(0,…,n-1). Since encoding is 
systematic, we have c = e(0,…,k-1), from which 

 (35) 

Encoding consists of first solving (35) through Gaussian elimination to calculate the intermediate symbols f, 
and then performing LT encoding of f to obtain e(0,…,n-1). 

Assume now k+δ ≥ k output symbols with set of ESIs {j1,…, jk+δ} are collected at the decoder. ML decoding is 
performed by first solving the system 

 (36) 

through Gaussian elimination to obtain the intermediate symbols f. Once f has been recovered, the input symbols are 
obtained as c = GLT(0,…,k-1) f. 

Raptor codes present advantages in terms of encoding and decoding complexity w.r.t. LRF counterparts. More 
specifically, efficient methods for the solution of (35) and (36) exist, which exploit the sparseness of system of 
equations [80],[81]. Originally proposed for solving sparse systems of equations in F2, the extension of these algorithms 
to Fq is straightforward. Although exploiting such approaches the number of required additions and multiplications in 
Fq remains cubic (in l), the cubic cost function is multiplied by a very small constant, making the overall complexity 
affordable. 

In Figure 29 the decoding failure rate under ML decoding of binary Raptor codes from [79], with k=64 and 
k=512, and of their extension to F4are depicted, as functions of the overhead. The (tight and valid for all k) upper 
bounds on the performance of LRF codes over F2 and F4 are also shown. Raptor codes approach closely the upper 
bounds, and the same was observed for codes on higher order fields. This example shows that Raptor codes over Fq 
obtained with the simple proposed technique achieve a performance very close to that of random codes, sharing the 
same performance advantages of adopting higher order Galois fields. 
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Figure 29: Decoding failure rate vs. overhead for q-ary Raptor codes (q=2,4) with k=64 and k=512, compared to 
the upper bound (valid for all k) on the error probability of LRF codes over F2 and F4. 

Non-binary Raptor (and LDPC) codes represent a very appealing option in the presence of severe performance versus 
overhead requirements, especially for small source block sizes. The derived bounds can be confidently used to estimate 
their performance down to moderate error rates. 

4.2 Extension of packet erasure code schemes to detection and correction of (sporadic) errors 

4.2.1 Introduction 

In this section, the possibility to extend efficient ML decoding of packet erasure correcting LDPC codes to 
accommodate the correction of undetected errors is explored. The analysis can be easily extended to fountain codes 
under ML decoding. 

The design and decoding of LDPC codes [82] for packet erasure correction applications has been vastly 
explored in the past decade (e.g. [83]-[88]). While originally most of the attention has been paid to the construction of 
LDPC codes able to approach the channel capacity under IT decoding, more recently practical ML decoding algorithms 
for LDPC codes over erasure channels have been devised [80],[87], paving the way for the design of codes for hybrid 
IT / ML decoders [89][90]. It has been further shown that the ML decoding of LDPC codes can largely outperform its 
iterative counterpart, attaining on the BEC performances close to those of idealized MDS codes down to moderate-low 
error rates [89]. 

In general, ML decoding of an (n,k) binary linear block code on the erasure channel turns into solving a system 
of n-k equations (imposed by the parity-check matrix of the code) in the e unknowns corresponding to the e erased 
symbols of the codeword. The system is solved by means of Gauss-Jordan elimination (GJE), which is known to have a 
complexity scaling as O(n3). For LDPC codes, the parity-check matrix sparseness can be exploited to dramatically 
reduce the fraction of unknowns to be solved by GJE [80],[91]. Such unknowns are usually referred to as pivots (or 
reference variables) and the algorithm to select the pivots is termed pivoting algorithm [92]. (Note that pivoting is 
inherently related to guessing in the alternative ML decoding algorithms proposed in [87],[93].) Once the pivots are 
solved, the remaining unknowns can be recovered by the usual iterative decoding algorithm with linear complexity. 
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In addition to packet erasure correction [94], the erasure channel model is adopted in a number of applications. 
For example, in optical communications with pulse position modulation (PPM), erasure channel models have been 
adopted under the assumptions of absent background radiation and low noise power [95],[96]. 

Albeit accurate, the erasure channel represents only an approximation of the actual behavior of these channels. 
In the case of wireless communications, the probability of undetected errors (due to error patterns that satisfy the 
constraints of the error detection code) is always bounded away from zero [97]. In optical communication systems, even 
in absence of background radiation and for low noise power, errors may take place, even if with small probabilities. In 
both cases, the channel can be more adequately modeled by an erasure channel with sporadic errors, i.e. by an error-
and-erasure channel with erasure probability ε and error probability p, where p <<  ε. For example, when a CRC-16 is 
used to detect errors for an uncoded transmission over a BSC with error probability 10-2, undetected errors may happen 
with probability close to 10-5 [97]. Hence, in this case the error probability of the equivalent packet error-and-erasure 
channel would be p=10-5. Assuming on the higher layers a packet erasure correcting code (i.e. a code only attempting to 
correct erasures) with block size n=1000 packets, undetected errors would compromise the recovery of a block with 
probability Pe=10-2 so that the block error probability after erasure decoding would be bounded by Pe≥10-2, regardless 
the erasure probability. 

Iterative belief propagation decoding of LDPC codes over the binary error-and-erasure channel (BEEC) can be 
naturally implemented by initializing the decoder with the appropriate log-likelihood ratios (LLRs). According to 
Figure 30, assuming the channel input indicated by x in {0,1} and the channel output by y in {0,1,?} (where ‘?’ denotes 
an erasure), the channel information at the input of the variable node associated with the code bit x would be given by 
Λ(y) = ln[Pr(x=0|y)/Pr(x=1|y)] resulting in Λ(0) = ln[(1-ε-p)/p], Λ(1) = –ln[(1-ε-p)/p] and Λ(?)=0. 

In this section, we describe an efficient decoding algorithm for LDPC codes, which extends the ML erasure 
decoding algorithm of [80] in the sense of correcting sporadic errors. For the sake of simplicity, we focus on the binary 
case and assume the BEEC as the channel model. However, the algorithm may be easily extended to packet error and 
erasure channels. The proposed algorithm performs optimum decoding of errors and erasures when a received word is 
affected by a single error (possibly, recovering even some erasure patterns containing stopping sets of the IT decoder), 
and attempts to perform error detection for error patterns of larger Hamming weights. For this reason, the algorithm is 
named single-error multiple-erasure SEME decoding. The algorithm is first illustrated for the case of a generic linear 
block code, also developing a tight upper bound on the average error probability for the linear random code ensemble. 
The algorithm is then adapted to account for parity-check matrix sparseness in case of LDPC codes. It is illustrated how 
LDPC codes can efficiently approach the average performance of the linear random code ensemble over the BEEC with 
sporadic errors. We will see that the proposed algorithm largely outperforms the IT one in the region where the block 
error probability is limited by the channel erasures rather than by the (sporadic) channel errors. 

There are several works in the literature focusing on the simultaneous correction of errors and erasures (e.g. 
[98]-[101]). In particular, in [101] some parity-check matrix construction techniques are developed capable to separate 
errors and erasures. We will see that the proposed algorithm performs a similar separation, properly and efficiently 
modifying the parity-check matrix of an LDPC code after receiving a word from the BEEC. 
 

 

Figure 30: Binary error-and-erasure (BEEC) channel model. 
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4.2.2 Notation Definition 

The BEEC channel model is depicted in Figure 30, where ‘?’ denotes an erasure and where the erasure and 
error probabilities are denoted by ε and p, respectively. Moreover, we let p* = p/(1-ε) be the probability that a bit 
transmitted over the BEEC is received in error given that the bit has not been erased. For a given linear block code 
C(n,k) over the BEEC, where n is the codeword length and k the code dimension, we denote by E and L the random 
variables expressing the number of erasures affecting the generic received word of length $n$ and the number of errors 
affecting the non-erased bits, respectively. Similarly, we denote by e and l realizations of E and L, respectively. In the 
case n-k>e, the number of linearly independent parity-check equations in excess with respect to the number of erasures, 
n-k-e, is defined to be the overhead, again denoted by δ. 

Assume now a codeword x’  is transmitted over the BEEC, resulting in a received word y’ with e erasures and l 
non-erased bits in error. We let H be a permuted version of a full-rank ((n-k)×n) parity-check matrix of the code C(n,k), 
in which the columns of the parity-check matrix corresponding to the erased bits occupy the e left-most positions and 
the columns corresponding to the non-erased bits (l of which are in error) the n-e right-most positions. In this way, H 
may be split as H=[Huk| Hk], where Huk is an ((n-k)×e) matrix and Hk is an ((n-k)×(n-e)) matrix. Similarly, we let x and 
y be permuted versions of the transmitted codeword and of the received word, respectively, according to the same 
permutation leading to H. The vectors x and y may be split as x=[xuk|xk] and y=[yuk|yk], where xuk and yuk are vectors of 
length e associated with the erased bits, while xk and yk are vectors of length n-e associated with the non-erased bits (so 
that the Hamming distance between xk and yk is equal to l). The vector x must satify the relation x HT=0, where HT is 
the transpose of H, which may be written as xuk Huk

T = xk Hk
T . Accordingly, the starting point of the proposed 

algorithm will consist of imposing and analyzing the equality 

 (37) 

The product yk Hk
T in the right-hand side of (37) is a vector of length n-k that we denote by s and, for reasons 

that will be clear later, refer to as the syndrome. In the case where yk is affected by one error (l=1), we denote by herr the 
column of Hk associated with the bit in error. 

Throughout the paper, we often exploit the result, where the upper and the lower bounds, and their tightness, 
have been proved above. 

Let A be a ((n-k)×e) random matrix with e≤n-k and whose entries are i.i.d. Bernoulli random variables with 
parameter 1/2. Then 

 (38) 

Moreover, we have 

 (39) 

 Equality (38) is a classical result [102].  

4.2.3 SEME Decoding for Linear Block Codes 

4.2.3.1 Maximum Likelihood Decoding of Linear Block Codes over the BEC 

Let us assume that the communication channel is a standard BEC introducing erasures but not errors (p=0). In 
this case, xk = yk and (37) represents a linear system of n-k (or more than n-k, if H is redundant) equations in e 
unknowns which may be simply written as xuk Huk

T = xk Hk
T. Here, the unknowns are the elements of xuk and s= xk Hk

T 
is not affected by any error. 

 Moreover, in this case we always have rank(Huk) = rank([Huk |s]), so that the Rouchè-Capelli theorem 
is always satisfied. Hence, the system admits a unique solution when rank(Huk)=e and multiple solutions when 
rank(Huk)<e (which is always the case when e>n-k). Provided rank(Huk)=e and xuk  is the unique solution of the system, 
we have xuk = xuk with probability one. 
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Different decoding algorithms over the BEC attempt to solve the system and find xuk with different 
approaches, offering a different trade-off between performance and complexity. Among them, ML decoding consists of 
solving the system by GJE performed on the matrix Huk. The complexity of GJE decoding is in general cubic with the 
dimension of the system, so that the overall decoding complexity is O(n3). 

4.2.3.2 Erasure Decoding over the BEEC with Error Detection 
 
 

 
 

Figure 31: Pictorial representation of the equivalent linear system ỹuk   = yk . 

When transmitting over the BEEC (p>0), the relation rank(Huk) = rank([Huk |s]), always valid over the BEC, 
may not hold anymore due to the presence of bit errors affecting s (through yk). In this case, (37) admits a unique 
solution when rank(Huk) = rank([Huk |s])=e. The system admits multiple solutions when rank(Huk) = rank([Huk|s])<e. 
Finally, the system is impossible when rank(Huk) = rank(Huk)+1. 

The event that the linear system (37) is impossible is the key to perform the detection of errors affecting yk. As 
depicted in Figure 31, assuming e<n-k and rank(Huk)=e, GJE performed on the matrix Huk leads to an equivalent linear 

system    ỹuk  = , where the first e rows of  form the identity matrix of order e and the last δ rows are all-

zero, and where  is obtained by performing on sT the same row operations leading to  and ỹuk  by performing 

on yuk the same column permutations leading to . Splitting  as =[ U | L], where U has length e and L=yk 

PT has length δ, detection of errors affecting yk may be performed by simply observing that, if L≠0, then the BEEC 
must have necessarily introduced errors in yk. 

Next, we show a tight upper bound on the average failure probability  of the erasure decoder with 
error detection for the ensemble, denoted by R(n,k), of random binary linear block codes defined by a parity-check 
matrix H with n-k rows and n columns whose entries are i.i.d. Bernoulli random variables with parameter 1/2. (We 
point out that the dimension of the generic code belonging to R(n,k) is at most equal to k but not necessarily equal to k.) 
By “failure probability”' we mean the probability that either the erasure pattern cannot be recovered due to rank 
deficiency of Huk (rank(Huk)<E) or it can be recovered but the error pattern on yk is undetected as L =0. Denoting 
these two disjoint events by A and B, respectively, we have  

 

  

 

Concerning the conditional event {A|E=e}, since Huk is a ((n-k)×e) matrix, we have Pr(A|E=e)=1 for e>n-k. 
Moreover, for e≤n-k we have Pr(A|E=e)<2-δ from the bound proved in the previous section. In conclusion, we may write 

 (40) 

with equality if and only if e>n-k and where the compact expression \eqref{eq:PAgivenE} allows the overhead to 
assume negative values. Consider now the conditional event {B|E=e}. Due to independency we have 
Pr(B|E=e)=Pr(\rank(Huk)=e) Pr(undetected error|E=e). Invoking again the previous bound, for e≤n-k, Pr(rank (Huk)=e) 
can be bounded as 

 (41) 
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 Moreover, since for E=e the submatrix P has dimension ((n-k-e)×(n-e)) (as depicted in Figure 31) we have 

 (42) 

where p*=p/(1-ε). We obtain 

 

 (43) 

 The bound is tight due to the tightness of the bounds in (39). 

4.2.3.3 SEME Decoding over the BEEC 

Besides error detection, correction of errors introduced by the BEEC may be attempted. In the following, we 
describe a decoding algorithm for the correction of single errors affecting yk and of multiple erasures. The algorithm is 
called SEME decoding algorithm. 

 After a word y has been received from the BEEC, let us consider performing GJE on the matrix Huk, leading 

to , and performing in parallel the same row summations on Hk, leading to . Assuming e<n-k and 

rank(Huk)=e, the linear system (37) is transformed into the equivalent system ỹuk  =yk , whose right-hand side 

is denoted again by =[ U | L]$ and where =[QT | PT] as depicted in Figure 31. 

Let us now focus on the last n-k-e parity-check equations, assuming rank(Huk)=e. Due to the presence of an 

((n-k-e)×e) all-zero matrix in the last n-k-e rows of  these parity-check equations may be exploited to correct errors 
affecting yk regardless erasures. In a similar way as error detection described in the previous subsection, error 
correction may be attempted by exploiting the matrix P. Note in fact that the situation is now equivalent to the 
transmission over a standard BSC of an (n-e,k’) linear block code C’, with k’ ≥ k and parity-check matrix P. The vector 

xk plays the role of the transmitted codeword, yk of the received word, and L of the syndrome. The code C’, and 
therefore its properties and its error correction (and detection) capability, depend on the number and the positions of bit 
coordinates erased by the BEEC. 

Optimum decoding of C’ may be performed, in principle, via syndrome decoding [105], which requires the 
construction of a decoding table-lookup. Since C’ is different for different received words y, the table-lookup for C’ 
should be constructed on-the-fly for each received word, after GJE has been performed. However, in a sporadic error 
regime, even performing the correction of only error patterns of Hamming weight 1 may be considered sufficient. As 
illustrated later through numerical simulation, it yields a much better performance than that achieved under a simple 
BEC model, where all elements of yk are assumed to be uncorrupted so that all errors are undetected. The key point is 
that, in the single error correction case, the construction on-the-fly of the table-lookup does not require any extra 
computation, because the syndrome vectors associated with the weight-1 error patterns are the columns of the P matrix. 

Therefore, if there exists a unique column b of P such that b=L, then decoding consists of setting xk=yk+e, where e is 
the vector of Hamming weight 1 whose unique bit equal to ‘1’ corresponds to the column b of P. The vector xk is then 
used to recover the vector xuk through the first e equations of the equivalent system, i.e., by simply setting xk equal to 
the de-permuted version of ỹuk = xk QT. 
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Note that, if P has no all-zero columns and no two columns of P are equal, then C’ has minimum distance 
dmin≥3 and all single error patterns are correctable with probability 1. In this case, an error pattern e is always 
identified. On the other hand, if P has no all-zero columns but it has equal columns, then C’ has minimum distance 
dmin=2. In this case, a unique b may not exist and the algorithm may be only able to detect some single error patterns. 
Finally, if P has all-zero columns then C’ has minimum distance dmin=1 and some error patterns of Hamming weight 1 
may be even not detected. 

4.2.3.4 Performance Bound for Binary Random Linear Block Codes Under SEME Decoding 
 

We now derive a tight upper bound on the average block error probability under SEME decoding for the 
previously introduced ensemble R(n,k). Note that by “block error” we denote any instance in which decoding is either not 
feasible (due to rank deficiency of the matrix Huk or due to detectable but uncorrectable errors) or incorrect (due to 
undetected errors). To proceed with the derivation, we first determine four mutually exclusive block error events, 
denoted by A, B, C, and D, which cover all possible error types. This will allow us to write the average block error 
probability as 

 
 

The four error events are defined as follows. 

o A: {rank(Huk)<E)}. 

o B: {rank(Huk)=E} ∩ {L>1}. 

o C: {rank([Huk |h
err]) = E} ∩ rank(Huk)=E} ∩ {L=1}. 

o D: {rank([Huk |h
err]) = E+1} ∩ {L=1} ∩ {b is not unique in P}. 

Tight bounds on the four probabilities Pr(A), Pr(B), Pr(C), and Pr(D) have been analytically developed in 
[109], leading to 

 

 (44) 

Due to the tightness of the bounds (41), the bound (44) is also tight. Moreover, it is illustrated that, for 
sufficiently small values of ε, the right-hand side of (44) is dominated by the second summand i.e. by the upper bound 
on Pr(B), giving rise to an error floor. The value of this error floor may be easily expressed analytically as the limit of 
the second summand in (44) when ε  tends to 0. This yields 
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 (45) 
 

Finally note that, for a standard BEC introducing no errors, we have p*=0 so that only the first summation 
contributes to the bound. This yields 

 

 (46) 
 

which is a tight upper bound on the average performance of linear random block codes over the BEC [103]. (It is 
worthwhile pointing out that the bound (46) also holds for the ensemble of binary nonlinear codes of length n and 2k 
codewords [107].) 

4.2.4 Efficient SEME Decoding for LDPC Codes 

Again, let us assume that the communication channel is a standard BE} introducing erasures but not errors. ML 
decoding of LDPC codes over the BEC can be practically implemented following a reduced complexity approach [80] 
which exploits the sparseness of the parity-check matrix and which takes its inspiration from a class of structured GJE 
algorithms [107]. The algorithm may be summarized in the following steps (see also the OPTIMIX Project Deliverables 
D2.2a and D2.2b). 

1. Triangularization. The sparse matrix Huk is transformed into an approximate triangular matrix, as depicted in 
Figure 33(a) by row and column permutations only. The obtained matrix is composed of a lower triangular 
matrix T and of the three sparse matrices C, RU, RL. Some of the columns blocking the triangularization 
process have been moved to the rightmost part of Huk and hence form RU and RL. The α unknowns associated 
with such columns are referred to as the pivots. 

2. Sparse row additions. T is transformed into an identity matrix by sparse row additions. Moreover, C is made 
equal to the zero matrix by sparse row additions, leading to the matrix depicted in Figure 32(b). Note that, due 
to the row additions, both RU and RL usually become dense. 

3. GJE on a dense matrix. GJE is applied to RL to recover the α pivots. The remaining e- α unknowns are solved 
by simple substitution. 
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Figure 32: Efficient Gaussian elimination steps on the matrix Huk. (a): Structure of the matrix during the 
triangularization step. (b): Structure of the matrix at the end of the triangularization step. (c): Structure of the 

matrix at the end of the sparse row addition step. 

During the triangularization step, the elements of the vector sT are permuted according to the same row 
permutations performed on Huk. Similarly, during the sparse row addition and GJE steps, the elements of sT are summed 
according to the row additions performed on Huk, leading to T=[ T

U, T
L] as depicted in Figure 33. 

 The complexity of the algorithm is dominated by the third step, consisting of performing GJE on a dense 
matrix. Therefore, the effectiveness of this approach relies on its capability to exploit the sparseness of Huk to 
considerably reduce the number of columns of RL, on which brute-force GJE has to be applied. The number of columns 
of RL at the end of the process depends on the adopted pivoting algorithm, i.e. on the way to select the pivots. Having a 
strong impact on the final number α of pivots, it heavily influences the achievable decoder speed. Effective pivoting 
algorithms are described in [79, Annex E] and in [92], where a practical software ML erasure decoder implementation 
has been demonstrated with (2048,1024) LDPC code, for which decoding rates as high as 1.5 Gbps were achieved. 

Over the BEC, a decoding failure may take place only if the rank of RL is smaller than α. Over the BEEC, error 
detection can be performed, as for the general linear block code case, by simply checking whether L is the all-zero 

vector or not, where L the vector composed by the last n-k-e    symbols of  (see Figure 33). Moreover, if the row 
additions/permutations performed on the sparse matrix Huk are simultaneously applied to the sparse matrix Hk, single 
error correction can be attempted by the SEME algorithm as for the general linear block code case. Again, the syndrome 
vectors of the table look-up used to correct single errors are given by the columns of the matrix P depicted in Figure 33 
and the algorithm sets xk = yk + e, where e is the error pattern whose unique ‘1’ bit corresponds to the unique column b 
of P such that b= L, provided such a unique column of P exists. 
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Figure 33: Structure of the matrices , . 

4.2.5 Performance of LDPC Codes Under SEME Decoding 

In Figure 34, performance bounds for the (2048,1024) linear random ensemble are depicted, for both the BEC 
and a BEEC with error probability p=10-5. The performance is given in terms of block error probability, Pe. For the 
BEC, the upper bound (46) is displayed. For the BEEC, two cases are considered, namely: 

o No error correction is attempted. In this case, Pe is simply the probability that the erasure pattern is not 
recoverable due to rank deficiency of Huk plus the probability that rank(Huk)=e but at least one non-erased 
symbol is in error. The SEME decoding algorithm is applied. In this case, the upper bound (44) is displayed. 
The contributions to the bound of the events B, C, D are reported. Note that the contribution to the bound of 
the event A is equal to the right-hand side of (46). 

o The gain due to the single error correction capability provided by the SEME algorithm is evident in the error 
floor region. When no error correction is attempted, a high floor at Pe ≈ n p ≈ 2  10-2 affects the ensemble 
average error probability. On the other hand, if single error correction is performed, the floor is lowered by 
about two orders of magnitude. In this region the error probability for the SEME algorithm is dominated by the 
probability of the event B, i.e. by the probability that more than one error affects the non-erased bits. 
Conversely, in the waterfall region, most of the errors are due to rank deficiencies of the matrix Huk and the 
error probability is dominated by the probability of the event A. 
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Figure 34: Block error probability for a (2048,1024) GeIRA code over the BEC and over a BEEC with error 
probability p=10-5, under SEME and IT decoding. Comparison with the bounds on the block error probability 

for the (2048,1024) binary linear ensemble under SEME decoding. 
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Figure 35: Bounds on the block error probability for the (1000,500) binary linear ensemble over the BEC and 
BEEC with various error probabilities. 
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In Figure 34, simulation results are also provided for a (2048,1024) GeIRA code [108] designed for ML 
erasure decoding [89]. The code performance has been simulated over the BEC under efficient ML decoding, and over 
the BEEC both under SEME decoding and without error correction. The simulation results illustrate how LDPC codes 
can approach the average random code ensemble performance in the three cases, at least down to moderate to low block 
error probabilities. (At low error probabilities, LDPC codes over the BEC under ML decoding exhibit an error floor that 
is due to a non-ideal minimum distance. Therefore, their performance curve deviates from the bound (44).) The 
performance of the same LDPC code under IT decoding is provided too, for three cases: On the BEC (p=0, on the 
BEEC with IT erasure decoding (i.e., no error correction), and on the BEEC with input LLRs set according to the 
channel error/erasure probabilities (as briefly outlined at the beginning of this part of the deliverable). The performance 
under IT decoding on the BEC shows clearly a coding gain loss with respect to the ML counterpart. A block error rate 
Pe=10-4 is achieved by the IT decoder at ε ≈0.39, whereas under ML decoding the target is achieved at ε ≈0.46. On the 
BEEC, the SEME decoder outperforms the IT one down to moderate error rates. However, as the erasure probability 
decreases, the performance of the SEME algorithm converges to a block error probability Pe ≈2 10-4, due to the limited 
(single) error correction capability of the algorithm. Since the IT decoder is not limited to correct single errors, at low 
erasure probabilities it outperforms the SEME algorithm. This effect may be exploited by a hybrid SEME/IT decoder, 
e.g. the IT decoder might used whenever multiple errors are detected by the SEME decoder. 

Still, in many practical cases, the BEEC error probability may be quite below p=10-5, resulting in a (much) lower 
error floor for the SEME algorithm, thus reducing the need for an IT decoding stage. In fact, the gain in the error floor 
due to the single error correction capability of the SEME algorithm is amplified at lower error probabilities p. In Figure 
35, the bounds for the average random ensemble block error probability are displayed for the case of n=1000, k=500 
and for two BEEC error probabilities, p=10-6 and p=10-8. While in the former case, the floor is reduced by 3 orders of 
magnitude, in the latter case under SEME decoding the block error probability meets the floor at Pe<10-10, nearly 5 
order of magnitude lower with respect to the case when no error correction is performed. Note that (45) provides an 
accurate estimation of the error floor under SEME decoding. For example, for n=1000, k=500, p=10-6, the error floor 

estimated by (45) appears at  ≈ 4.99 10-7, while for n=1000, k=500, p=10-8 at ≈ 5 10-11. This 

is in accordance with Figure 35.



OPTIMIX FP7-ICT    ─   Grant agreement n°214625 project Deliverable D2.2c version 1.1 

FP7 ICT Call 1 Key line 1.5 “Networked Media” Page   63 /80 

5 OMNeT++ modules 

5.1 Elements on the Physical layer in the Base Station and the Mobile terminals 
In Figure 36 and Figure 37 we show the graphical representation of the OMNeT++ NEtwork Description (NED) files of 
the BS and the generic mobile client considered within the first version of the OPTIMIX simulator. The layered 
structure of the video data flow is quite evident, as well as the control and feedback information exchanges between the 
different layers and the BS controller. In this paragraph we show in more details the internal architecture of the physical 
layer block (indicated in the figures with phy), highlighting its flexibility and its capability to represent the different 
channel coding/modulation/multiple access techniques considered in the project.  
Figure 37 shows the structure of the mobile terminal unit: in addition to a phy block performing operations dual to those 
at the transmitter side, a radio channel module has been included. 
 

 

Figure 36: Structure of the Base Station module and interconnections between its submodules. 
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Figure 37: Structure of the Mobile Client module and interconnections between its submodules. 

 
In Figure 38 we report the internal structure of the phy block, mainly composed by: 

- the channelCodec block, 
- the mimoModem, 
- the frameDeAssembler. 

 

 

Figure 38: Detailed structure of the phy module and interconnections between its submodules. 



OPTIMIX FP7-ICT    ─   Grant agreement n°214625 project Deliverable D2.2c version 1.1 

FP7 ICT Call 1 Key line 1.5 “Networked Media” Page   65 /80 

5.2 Implementation of Irregular Convolutional Codes (IrCCs) 

5.2.1 Introduction 

Extrinsic Information Transfer (EXIT) charts have been introduced as an effective tool for analysing the 
convergence properties of iterative decoding aided concatenated coding schemes [29]. As an advantage, this can be 
achieved without performing time-consuming Monte-Carlo simulations. EXIT charts can be used for finding powerful 
codes exhibiting guaranteed convergence for a given channel condition [17]. Specifically, nearcapacity codes have been 
successfully designed by applying an EXITchart- based technique in [15], [23].  

Tuchler and Hagenauer [136] [137] proposed the employment of Irregular Convolutional Codes (IRCCs) in 
serial concatenated schemes, which are constituted by a family of convolutional codes having different rates, in order to 
design a near-capacity system. They were specifically designed with the aid of EXIT charts to improve the convergence 
behaviour of iteratively decoded systems. Each component code of the IRCCs encodes an appropriately selected 
fraction of the input bit stream. The appropriate fractions may be selected with the aid of EXIT-chart analysis in order 
to shape the inverted EXIT curve of the composite IrCC for ensuring that it matches the EXIT curve of the so-called 
inner decoder constituted by the detector. In this manner, an open EXIT-chart tunnel can be created at low Signal to 
Noise Ratio (SNR) values, which implies approaching the channel’s capacity bound [12]. 

As a further advance, it was shown in [23] that a recursive Unity-Rate Code (URC) should be employed as an 
intermediate code in order to improve the attainable decoding convergence. A URC can be used as a precoder for 
creating an inner code component having Infinite Impulse Response (IIR) in order to reach the (1,1) point in the EXIT 
chart and hence to achieve an infinitesimally low Bit Error Ratio (BER) [15]. 

5.2.2 IrCCs Design  

IrCCs design with aid of the EXIT chart matching procedure is briefly summarised as follows: 

o Step1: Create the inner decoders’ EXIT charts, which are URC-XQAM and URC-SP-STBC, for 
different receiver Signal to Noise Ratios SNRr. 

o Step2: Fix the IrCC code rate to 0.5 and employ the EXIT curve matching algorithm of [136]  to 
generate the optimised weighting coefficients αj  , j = 1,…, 17, of the 17 component IrCC codes 
corresponding to the smallest SNRr that allows decoding convergence, where the decoding trajectory 
reaches the top-right corner of the corresponding EXIT charts. This implies that a near-capacity 
performance can be achieved. 

Following the procedure as descirbed, we have optimised coeeficients of  IrCC codes corresponding to various 
inner components as listed in Table 2 

Inner Components Number of 
iterations 

IrCC coefficients (ααααj  , j = 1,…, 17) 

URC-QAM 24 
0.048, 0, 0, 0, 0, 0.240, 0.155, 0.121, 0.035, 0.104, 0 0.071, 0.092, 0 0.090, 0 

0.039 

URC-8PSK 24 0.062, 0, 0, 0, 0.247 0.154 0 0 0.041 0.169 0 0.082 0.049 0 0.090 0.041 0.064 

URC-16QAM 24 0.022 0 0.202, 0, 0.116, 0.073, 0, 0.061, 0.151, 0, 0, 0, 0.202, 0, 0, 0.023, 
0.145 

URC-SP(16)-STBC 34 0, 0.055, 0.236, 0, 0, 0, 0.238, 0, 0, 0.030, 0, 0.205, 0, 0, 0.110, 0, 0.122 

Table 2:  IrCC coefficients
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6 Conclusions 

In this deliverable, avariety of novel channel codes were investigatedand their benefits were quantified both by 
simulation and suing semi-analytical EXIT-chart based techniques.  

We have designed near-capacity SECCC-ID schemes based on their decoding convergence analysis. The 
SECCC schemes invoke binary RSC codes and different puncturing rates. The puncturer is used to increase the 
achievable bandwidth efficiency. The interleaver placed before the puncturer helps randomise the puncturing pattern. 
Good SECCC parameters were found for assisting the SECCC-ID scheme in attaining decoding convergence at the 

lowest possible 0bE N/
 value, when communicating over both AWGN and uncorrelated Rayleigh fading channels. 

We have demonstrated that 3-D EXIT charts are useful for designing near-capacity SECCC-ID codes. Furthermore, 3-D 
EXIT charts may also be used to design a SECCC-ID scheme concatenated with an outer codec, such as a video codec 
for enabling soft information exchange between the SECCC-ID decoder and the video decoder. The SECCC-ID 
schemes designed are capable of operating within 1 dB of the AWGN as well as Rayleigh fading channel’s capacity. 
Our future work will focus on designing SECCC schemes operating closer to capacity, while maintaining a high 
bandwidth efficiency. Furthermore, we will investigate the performance of such SECCC-ID schemes in non-coherently 
detected cooperative communication systems.  

A brief classification of the MIMO schemes was presented based on their attainable diversity, multiplexing or 
beamforming gains. We also investigated the design of multi-functional MIMO schemes that are capable of combining 
the benefits of several MIMO schemes and hence attaining diversity, multiplexing as well as beamforming gains. More 
explicitly, we introduced the dual-functional MIMO scheme of [40] followed by the LSSTC scheme that combines the 
benefits of STBC, V-BLAST as well as beamforming. Then we discussed the design of the DSTTD followed by the 
LSSTS design that combines the advantages of STS, V-BLAST and beamforming with those of generalised MC DS-
CDMA, while supporting multiple users. Finally, a comparison between the BER performance as well as the diversity, 
multiplexing and beamforming gains of the different MIMO schemes reveals that multi-functional MIMOs are capable 
of attaining an improved performance over the stand-alone STBC and V-BLAST schemes.  

We proposed an optimum TRA scheme for the DDF cooperative system, which was verified to be capable of 
maximizing the network capacity through the analysis and numerical simulations.  

An attractive cooperative scheme was proposed based on adaptive coded modulation and distributed space-
time coding for communicating over quasi-static Rayleigh fading channels. The adaptive coded modulation scheme was 
utilised for protecting the source-to-relay links, while the distributed space-time code was employed for enhancing the 
reliability of the relay-to-destination links. It was shown that mobile units equipped with a single antenna are capable 
establishing an energy-efficient wireless cooperative network. More specifically, the proposed cooperative ATTCM-

DSTTC-2x2 scheme outperforms the uncoded non-cooperative BPSK-1x2 scheme by over 20 dBs at a FER of 
310−
, 

when communicating over quasi-static Rayleigh fading channels.  

Based on the above detail system-specific conclusions we propose the following overall system design 
guidelines. 

1. The employment of computationally efficient design tools, such as 2D and 3D Exit charts, substantially 
accelerates design efforts in finding the more appropriate near-capacity codes; 

2. Self-concatenated codes are capable of improving the flexibility in terms of the chip-area versus clock-rate 
trade-offs by reusing a given constituent code in a self-iteration loop. They also have a high grade of flexibility 
in terms of the choice of the constituent codes; both binary convolutional as well as non-binary coded 
modulation schemes may be used in conjunction with diverse generator polynomials; 

3. The classic family of LDPC codes was improved with the introduction of sophisticated protograph structures, 
which substantially reduces their potentially excessive memory requirement without any performance penalty; 

4. The proposed codes are capable of operating close to the single-input single-output system's capacity, but the 
introduction of MIMOs allows us to break free from this emitation; 

5. The proposed MFAAs combine all potential MIMO gains namely the space-time-coded diversity gain, 
multiplexing gain and beamforming gain; 
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6. however, the above-mentioned MIMO gains erode  in the presence of correlated shadow fading, hence we 
designed virtual antenna arrays with the aid of single-antenna based cooperating handhelds, which benefit from 
uncorrelated fading; 

7. The low-complexity cooperative mobiles however cannot afford estimating the source-relay channel, hence we 
designed non-coherent detection aided cooperative transceivers; 

8. Finally, the performance benefits of the proposed near-capacity physical-layer solutions were quantified in 
terms of the attainable network-layer metrics.  
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7.2 Glossary 
 
AA  Antenna Arrays  
AAF Amplify-And-Forward  
ATTCM adaptive TTCM  
AWGN Additive White Gaussian Noise  
BEC Binary Erasure Channel  
BEEC Binary Error-and-Erasure Channel  
BER bit-error rate  
BFC block fading channel  
BP Belief Propagation  
BPS Bits Per Symbol  
BS Base station  
BSC Binary Symmetric Channel  
CER Codeword Error Rate  
COP-STC Cooperative- Space-Time Coding  
CSI channel state information  
DAF Decode-And-Forward  
DSTTC Distributed STTC  
DSTTD Double Space-Time Transmit Diversity  
DVB Digital Video Broadcast  
EGC Equal Gain Combining  
ESI Encoded Symbol Identifier  
EXIT Extrinsic Information Transfer  
FER Frame Error Ratio  
FFT Fast Fourier Transform  
GeIRA Generalized Irregular Repeat-Accumulate  
GF Galois Field  
GJE Gauss-Jordan Elimination  
G-LDPC Generalized Low-Density Parity-Check  
GSIC Group Successive Interference Cancellation  
IRA Irregular Repeat-Accumulate  
IT Iterative  
LDC Linear Dispersion Codes  
LDPC Low-Density Parity-Check  
LLR Logarithmic-Likelihood Ratio  
LRF Linear Random Fountain  
LT Luby-Transform  
LSSTC Layered Steered Space-Time Codes  
LSSTS Layered Steered Space-Time Spreading  
LTE Long Term Evolution  
MIMO Multiple-Input Multiple-Output  
ML Maximum Likelihood  
MRC Maximum Ratio Combining  
MS mobile station  
OSTBC Orthorgonal Space-Time Block Codes  
PA Power Allocation  
PCCC Parallel concatenated convolutional codes  
PDF probability density function  
PEG Progressive Edge-Growth  
P-STC Pragmatic Space-Time Coding  
QPSK Quadrature Phase-Shift Keying  
RCB Random Coding Bound  
RD Relay Destination  
RS Relay station  
RSC Recursive Systematic Convolutional  
SC Selection Combining  
SCCC Serially concatenated convolutional codes  
SD Source Destination  
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SECCC-ID Concatenated Convolutional Codes  
SEME Single-Error Multiple-Erasure  
SINR Signal-to-Interference-plus-Noise Ratio  
SISO Soft-In Soft-Out  
SNR Signal-to-Noise Ratio  
SR Source Relay  
SRD Source plus active relays to destination  
STC Space-Time Coding  
STTC Space-Time Trellis Coding  
TC Turbo Code  
TCM Trellis Coded Modulation  
TRA Ng time resource allocation  
TTCM Turbo Trellis Coded Modulation  
UL uplink  
V-BLAST Vertical Bell-labs Layered Space-Time  
ZF Zero Forcing  
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8 Appendices  

Appendix A Decoding Convergence Analysis of SECCC-ID 

EXIT charts constitute powerful tools designed for analysing the convergence behaviour of concatenated codes 
without time-consuming bit-by-bit simulation of the actual system. They analyse the input/output mutual information 
characteristics of a SISO decoder by modelling the a priori LLRs either by an AWGN process or by its experimentally 
determined histogram and then computing the corresponding mutual information between the extrinsic LLRs as well as 
the corresponding bit-decisions. More explicitly, the employment of EXIT charts assumes having a sufficiently high 
interleaver length, so that the extrinsic LLRs can be assumed Gaussian distributed. The SNR value where the turbo-
cliff [3] in the BER curve of a concatenated code appears canbe successfully predicted with the aid of EXIT charts.  
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Figure 39: Decoding model for an SECCC-ID scheme [14]. 

The decoding model of the SECCC-ID scheme is portrayed in Figure 39. It corresponds to either one of the 
hypothetical component decoders. Random variables (r.v.s.) are denoted with capital letters and their corresponding 
realizations withlower case letters. Sequences of random variables are indicated by underlining them. The information 

bit sequence is U , which is interleaved and then parallel to serial converted. The resultant bits are denoted by D , that 

are then encoded to yield the coded symbol sequence C  of Figure 39, and transmitted over the communication channel 

often termed as the a priori channel 1 [26], which gives the a priori probabilities of thecodeword ( )A C  as its output. 

The received symbol sequence is given by Y , which is then fed to the SISO SECCC decoder. By contrast, the a priori 

channel 2 of Figure 39 models the a priori probabilities ( )A D  constituted by the combination of the information bits 

and their interleaved version referred to as the hypothetical dataword D . The SECCC SISO decoder of Figure 39 then 

computes the extrinsicbit probabilities revelant for both the codeword ( )E C  and the dataword ( )E D .  

EXIT charts [11] visualize the input/output characteristics of the constituent SECCC decoder in terms of the 
average mutual information transfer. In the context of the SECCC decoder of Figure 39, the EXIT chart visualises the 
following mutual information exchange:  

1. average mutual information of D  and ( )A D :  

 1

1
( ) [ ( )]

DN

A k k
kD

I D I D A D
N =

= ; ;∑
 (47) 

2. average mutual information of C  and ( )A C :  

 1

1
( ) [ ( )]

CN

A k k
kC

I C I C A C
N =

= ; ;∑
 (48) 

3. average mutual information of D  and ( )E D :  

 1

1
( ) [ ( )]

DN

E k k
kD

I D I D E D
N =

= ; ;∑
 (49) 



OPTIMIX FP7-ICT    ─   Grant agreement n°214625 project Deliverable D2.2c version 1.1 

FP7 ICT Call 1 Key line 1.5 “Networked Media” Page   79 /80 

4. average mutual information of C  and ( )E C :  

 1

1
( ) [ ( )]

CN

E k k
kC

I C I C E C
N =

= ; ,∑
 (50) 

where the number of symbols in the sequences D  and C  are given by DN
 and CN

, respectively. As depicted in 
Figure 40, component 1 and 2 of SECCC decoders are associated with four mutual information transfers according to 
Eqs. (47)–(50). Hence two three-dimensional EXIT charts [20] are required for visualising the mutual information 
transfer between the hypothetical SECCC component decoders (namely for portraying each of the two outputs as a 
function of two inputs) and the EXIT curve of the combined SECCC decoder and the soft demapper (a two input, single 
output block).  
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 Figure 40: Mutual information exchange between the three components of an SECCC-ID scheme [27]. 

Provided that a MAP decoder is used, the average extrinsic mutual information of D  and ( )A D  may be computed 
as [15]:  

 
1

1
( ) ( ) ( ( ))

DN

E k k k
kD

I D H D H D E D
N =

= − |∑  

 2log ( )DM= −  

 

( ) ( )
2

1 1

1
0 5 E ( ) log ( ( ))

D DN M
m m

k k
k mD

cm E D E D
N = =

 
. , 
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 (51) 

 
 

where ( ) ( )
[ ]( ) ( )m m

k k kE D P D Y V= | ,  is the extrinsic probability of the hypothesized transmitted symbol ( )m
kD , for 

{1 }Dm … M∈ , , , which is provided by the MAP decoder. Notice that the first expectation ’E’ over the DN  symbols 

in Eq. (51) may be removed, when DN  is sufficiently large, yielding:  

 

( ) ( )
2 2

1 1

1
( ) log ( ) ( ) log [ ( )]

D DN M
m m

E D k k
k mD

I D M E D E D
N = =

= − .∑∑
 (52) 

 
Similarly, we have [15]:  

 

( ) ( )
2 2

1 1

1
( ) log ( ) ( ) log [ ( )]

C CN M
m m

E C k k
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where ( ) ( )
[ ]( ) ( )m m

k k kE C P C VY= | ,  is the extrinsic probability of the hypothesized transmitted symbol ( )m
kC , for 

{1 }Dm … M∈ , , , generated by the MAP decoder and CN  is assumed to be sufficiently large.  

The average a priori mutual information of both D  and C  may be modelled using the following 

assumptions [28],[15]:  

1. the LLRs of the bits are Gaussian distributed: the LLR of a bit b , which can be either from the sequence D  

or C , is given by [29]:  

 A Az h b n= + ,  (54) 

 

where the variance of the AWGN An  is 2
Aσ  per dimension and the equivalent ‘fading factor’ is given by 

2 2A Ah σ= /  [29];  

2. the bits in a symbol are assumed to be independent of each other and uniformly distributed: the average a priori 

mutual information of a symbol sequence D  (or C ), where each symbol kD
 (or kC

) consists of DL
 (or 

CL
) bits, is DL

 (or CL
) times the average a priori mutual information of a bit in the symbol.  

The average a priori mutual information of a certain bit denoted as 
(1) (2){ 1 1}b b b∈ = + , = −  and its LLR z  

may be expressed as:  

 

2 2
( )

2
1 1

1
( ) 1 E log exp( )

2
A m
m n

m n

I b z b
 
 
 ,
 = = 

; = − Ψ | ,∑ ∑
 (55) 

 

where we have ( ) ( )exp( ) ( ) ( )A n m
m n p z b p z b,Ψ = | / |  and the conditional Gaussian PDF is given by:  

 

2

22

( )1
( ) exp

22
A

AA

z h b
p z b

σπσ
 −| = , 
   (56) 

 
while the exponent is given by:  

 

2 22 ( ) ( )

2

( 2)( )

2

m n
A A AA

m n
A

b b n nσ
σ,

− / − + +
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 (57) 

 

Note that another interpretation of Eq. (55) was given in [29]. We have a function 
( ) ( )A AI I b z J σ= ; =

, 

with 
( )AJ σ

 being monotonically increasing and therefore invertible. Hence, at a given A
I

 value we may find the 

corresponding Aσ
 value from 

1( )AJ I−

. Finally, one may compute the corresponding LLR value z  from Eq. (54). 

The a priori mutual information of an D
L

-bit symbol kD
 is given by:  

 
( ) ( ) ( )

1

( ) [ ]
DL

D D
k k k i k i

i

I D z I b z, ,
=

; = ; ,∑
 (58) 

 

where ( ) ( 1) ( ){ }
D

D D D
k k k Lz z … z, ,= , ,  is the LLR sequence, which is related to the DL  bits of kD  and ( )

D
k lz ,  is the LLR of 

( )
D
k lb , , which is the l th bit in the k th symbol kD .  

 

The EXIT charts of self-concatenated codes are typically similar to those of the family of parallel concatenated 
codes [3],[15],[16], where an open EXIT tunnel exists if the EXIT curve does not intersect with the line connecting 
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thepoint (
0AI =

, 
0EI =

) to the point (
1AI =

, 
1EI =

) in the EXIT chart. In [14] EXIT charts were successfully 
used to compare the performance of non-binary SECCC schemes. We use the same method by finding the threshold 

0bE N/
 point by calculating the EXIT curve of the identical decoder components and then plotting them together in 

the EXIT chart, as shown in Figure 44. The 0bE N/
 value, where the two EXIT curves touch each other is termed as 

the threshold 0bE N/
 point denoted by Λ , which is the point where the turbo-cliff [3] region starts and beyond which 

the EXIT tunnel becomes ’just’ open. If uncorrelated extrinsic information is available, then all of the symbol-by-

symbol decoding trajectories will reach the 
( ) (1 1)A EI I, = ,

 point [11] for 0bE N/
 greater than Λ . The various 

coding schemes considered in this section are characterised in Table 3. They are identified by the code rate ( 1R
), 

puncturing rate ( 2R
), the overall code rate (R ), code memory ν  and bandwidth efficiency η , expressed in bit/s/Hz. 

Furthermore, O  denotes the number of outer iterations between the demapper and the decoder and I  denotes the 
number of inner self-concatenated iterations. In all the codes considered in Table 3 the thresholds are calculated for 

40O =  and 40I =  for the SP and Gray mapping schemes, respectively. Finally, the channel capacity limit ω  is 

also expressed in dBs [30], as tabulated in Table 3. For 1 1 2R = /
 and 2ν = , the generator polynomial 8(7 5)G = ,

 

is used, whereas for 3ν = , 8(13 15)G = ,
 is employed. For 1 1 3R = /

 and 3ν = , 8(13 15 17)G = , ,
 is used. The 

EXIT charts recorded for the binary SECCC-ID schemes of Table 3 are shown in Figure 40, Figure 41, Figure 42 
and Figure 43.  

 
SECCC- Mapping ν  η  AWGN Rayleigh 

ID   (bit/s Channel Channel 

Scheme   /Hz) 0bE N/  (dB) 0bE N/  (dB) 

    Λ  ω  Λ  ω  

R1=1/2, GM 2 0.67 0.71 -0.6 1.81 1 

R 2 =3/4, SP   0.25  1.35  

R=1/3 GM 3  0.44  1.56  
 SP   0.5  1.55  

R1=1/2, GM 2 1 1.45 0.19 3.4 1.83 

R 2 =1/2, SP   1.0  3.4  

R=1/2 GM 3  1.2  3.2  
 SP   1.25  3.3  

R1=1/2, GM 2 1.5 3.44 2 8.54 6 

R 2 =1/3, SP   3.2  8.4  

R=3/4 GM 3  3.24  8.09  
 SP   3.2  8.1  

R1=1/3, GM 3 0.5 0.17 -0.8 0.96 -0.2 

R 2 =2/3, SP   0.07  0.82  

R=1/4        

R1=1/3, GM 3 1 1.28 0.19 3.3 1.83 

R 2 =1/3, SP   1.23  3.4  

R=1/2        

R1=1/3, GM 3 1.33 2.43 1.5 5.95 3 

R 2 =1/4, SP   2.37  5.7  

R=2/3        

 Table 3: Various SECCC-ID schemes and their thresholds. 
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Figure 41: 3-D EXIT chart and a ’snap-shot’ decoding trajectory for 1R =1/2 and 2R =3/4, QPSK-assisted 

SECCC-ID, 2ν = , 0 67η = .  bit/s/Hz at 0 1 55bE N/ = .  dB using SP mapping, for transmission over a 

Rayleigh fading channel. 

The mutual information exchange between the components of an SECCC-ID scheme is portrayed in Figure 40, 
which shows the SECCC-ID decoder of Figure 1 as two hypothetical component decoders. The hypothetical component 
2 of the SECCC decoder of Figure 40 receives inputs from and provides outputs for both the soft demapper and the 
hypothetical component 1 SECCC decoder of Figure 40. Hence we have two EXIT surfaces in Figure 41, the first one 

corresponding to the component 2 decoder’s average mutual information 3
( )EI C

 provided for the soft demapper, while 

the second one corresponding to 3
( )EI D

 supplied for the component 1 SECCC decoder, as shown in Figure 40. The 
same procedure can be used to calculate the two EXIT surfaces for the average mutual information of the component 1 

decoder. One of the EXIT surfaces corresponds to the mutual information 2
( )EI C

 provided for the soft demapper (not 
used) in Figure 40. Similarly, the component 1 SECCC decoder has the other EXIT surface characterising its average 

mutual information 2
( )EI D

 forwarded to the hypothetical component 2 SECCC decoder of Figure 40. By contrast, the 

soft demapper has a single EXIT surface characterising its average mutual information 1
( )EI C

 forwarded to 
component 1 and 2 of the SECCC decoder of Figure 40.  

The scheme using 1
1 2R = /

, 2 3 4R = /
, 2ν =  and employing the SP based Soft Demapper is shown in 

Figure 41 and Figure 42. Specifically, the EXIT surface marked with triangles in Figure 41 was computed based on the 

Soft Demapper’s output 1
( )EI C

 at the given 3
( )EI D

 value of the component 2 SECCC Decoder and 1
( )AI C

 of the 
Soft Demapper’s abscissa values. By contrast, the steeply rising EXIT surface drawn using dotted lines in Figure 41 
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was computed based on the component 2 decoder’s outputs 
3
( )EI C  and 

3
( )EI D  at the given 

2 3
( )AI C

,
 value. As we 

can see from Figure 41, the step-wise linear decoding trajectory is computed at 0 1 55bE N/ = .  dB. The symbol-by-

symbol decoding trajectory (solid line) is based on the average mutual information of the component 2 SECCC 

decoder’s output, namely on 
3
( )EI C , and it evolves within the space under the EXIT surface marked with triangles but 

above the EXIT surface drawn using dotted lines, which means that it matches the 3-D EXIT curves.  

0

1

IE2(D), IA3(D)

0

1

IE3(D), IA2(D)

0 

1 

IE1(C), IA2,3(C)

 

  

Figure 42: 3-D EXIT chart and a ’snap-shot’ decoding trajectory for 1R =1/2 and 2R =3/4, QPSK-assisted 

SECCC-ID, 2ν = , 0 67η = .  bit/s/Hz at 0 1 55bE N/ = .  dB using SP mapping for transmission over a 

Rayleigh fading channel. 

Similarly, the EXIT surface of Figure 42 spanning from the horizontal line [ 2
( )AI D

 {0 1}= → , 

2
( ) 0EI D =

, 2 3
( ) 0AI C

,
=

] to the horizontal line [ 2
( )AI D

 {0 1}= → , 2
( ) 1EI D =

, 2 3
( ) 1AI C

,
=

], represents the 
first hypothetical SECCC decoder component. Since in case of SECCCs these are identical components, we only have 
to compute the EXIT surface of a single component and the other is its mirror image [14]. The EXIT surfaces of the two 
hypothetical decoder components are plotted within the same EXIT chart together with their corresponding decoding 
trajectory for the sake of visualizing the exchange of extrinsic information between the decoders. The EXIT surfaces of 
the proposed scheme match exactly the decoding trajectories computed from the bit-by-bit simulations.  

The 3-D EXIT surfaces of the SECCC decoder and the two distinct decoding trajectories - one for SP (iterating 
solid line) and the other for Gray mapping (iterating bold solid line) based Soft Demapper - were recorded for the best-
performing binary SECCC schemes operating closest to the Rayleigh channel’s capacity, which are given in Figure 43.  
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Each EXIT surface was calculated based on 10 transmission frames, each consisting of 
324 10×  information 

bits. Each Monte-Carlo-simulation based snapshot decoding trajectory was computed based on a block length of 
3120 10×  information bits.  

In Figure 43, the scheme using 1
1 2R = /

, 2 3 4R = /
, 2ν =  and employing Gray mapping acquires an 

open EXIT tunnel at 0bE N/
=1.9 dB, when communicating over an uncorrelated Rayleigh fading channel. For this 

scheme the threshold Λ  is at 1.81 dB as recorded in Table 3, which is 0.81 dB away from the Rayleigh channel’s 
capacity.  

To calculate the threshold of a given SP mapping based SECCC-ID scheme, we have to rely on 3-D EXIT 
charts to analyse the mutual information exchange gain achieved, while iterating between the soft demapper and the 
decoder. This is shown in Figure 41 and Figure 42. The intersection of the surfaces in Figure 41 represents the points of 
convergence between the SNR-dependent soft demapper and the SNR-independent SECCC-ID decoder. At these 

intersection points we have shown a solid line. The corresponding 2
( )EI D

 values associated with the curve of 
intersection of the surfaces in Figure 41 and its mirror image are projected onto the surfaces seen in Figure 42. Figure 
42 also shows the Monte-Carlo-simulation based decoding trajectory matching these EXIT curves. These EXIT curves 

are projected onto 1
( ) 0EI C =

 for yielding Figure 43. The 2-D projection seen in Figure 43 for the Rayleigh fading 
channel has a threshold of 1.35 dB. Hence, an overall gain of 0.46 dB is attained compared to the Gray mapping 
performance seen in Figure 43. The uncorrelated Rayleigh fading channel’s capacity is 1 dB for this scheme, hence, it 
operates 0.35 dB away from capacity.  

0

1

IE2(D), IA3(D)

0

1

IE3(D), IA2(D)

0 

1 

IE1(C), IA2,3(C)

 

 Figure 43: EXIT chart and two ’snap-shot’ decoding trajectories for 1R =1/2 and 2R =3/4, QPSK-assisted 

SECCC-ID, 2ν = , 0 67η = .  bit/s/Hz at 0 1 55bE N/ = .  dB using SP mapping and at 0 1 9bE N/ = .  dB using 

Gray mapping, for transmission over a Rayleigh fading channel. 
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 Figure 44: EXIT curves of the 1R =1/2 and 2R =3/4, 2ν = , SECCC-ID scheme to find the corresponding 

thresholds, operating over an uncorrelated Rayleigh fading channel. 

The 2-D EXIT curves recorded for the case of Rayleigh fading channel are shown in Figure 43. These 

exemplify the method of finding thresholds for the Gray mapped SECCC-ID scheme using 2ν = , 1 1 2R = /
 and 

2 3 4R = /
. 2-D EXIT curves have been used for the case of Gray mapping because there is no mutual information 

exchange gain between the soft demapper and the decoder. Hence, the threshold can be calculated using 2-D EXIT 

charts for the case of Gray mapping6. We found that when employing the 2ν =  RSC code, all SECCC schemes 
exhibited EXIT curves having similar trends to those in Figure 43, where the tunnel at the top-right corner becomes 
very narrow. Hence, a higher SNR was required for the decoding trajectory to pass through the tunnel. As aresult, their 

performance tends to be farther away from the channel capacity. The threshold of 0bE N/
=1.81 dB is shown in Figure 

43 and in Table 3, which is 0.81 dB away from the Rayleigh fading channel’s capacity.  

The interleaver 1π
 of Figure 1 is used in all of the schemes considered in Table 3, which renders the 

information bits, more-or-less uncorrelated. This is a necessary requirement for the generation of accurate EXIT charts, 
because they require the LLRs of the information bits to be Gaussian distributed. The interleaver used after the RSC 

encoder of Figure 1, namely 2
π

, randomises the coded bits before the puncturer. 

                                                           
6Note that it is possible to simply use the 3-D EXIT chart of the SECCC-ID scheme when using the 
Gray mapper, without having to compute another 2-D EXIT curve for the SECCC scheme at a 
given SNR or channel model. 
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Appendix B The TRA-Optimized Network Capacity 

B.1. Decode-and-Forward Cooperative Network Capacity 

Let us now consider the capacity of the DDF-aided cooperative system of Figure  13. Based on the general 
upper and lower bounds on the capacity of half-duplex relay systems presented in [52] and on the fact that in our DDF-

aided half-duplex relay system, the source MS remains silent during Phase II, when a total of r
L

 symbols are 
transmitted by the RS, we may obtain simplified capacity upper and lower bounds for the DDF system of Figure  13 as:  

 
( ) min{ ( ) ( ) (1 ) ( )}o I I I I I II II

coop e s d r s d r dC I I Iγ α α α α, ≤ ; , , ; + − ; ,s y y s y s y
 (59) 

 
and  

 
( ) min{ ( ) ( ) (1 ) ( )}o I I I I II II

coop e s r s d r dC I I Iγ α α α α, ≥ ; , ; + − ; ,s y s y s y
 (60) 

 
where ( )I ;a b  represents the average mutual information (MI) between the channel input a  and the corresponding 

channel output b , while the TRA-factor α  is defined as:  

 

s r

s r s r

L R

L L R R
α = ,

+ +  (61) 

since the ratio of the time durations ( )s rL L,  used by the source and RS is inversely proportional to the ratio of the 

channel code rates ( )s rR R,  employed by them7. Note that the capacity upper and lower bounds of (59) and (60) are 

functions of the network’s overall equivalent SNR8, i.e. o
eγ  and the TRA-factor α  of (61). The constrained 

information rates of ( )I I
s dI ;s y , ( )II II

r dI ;s y , ( )I I
s rI ;s y  and ( )I I I

s d rI ; ,s y y  can be evaluated using the method 

presented in [53].  
harply than the former ones, as the SNR rises.  

On the other hand, given a fading block size bT
 and a cM

-ary DPSK scheme, the actual transmission rate, 

coopR
, of the cooperative system of Figure  13 is a function of both sR

 and α , which may be expressed as 
1

2( ) logb

b

T
coop s s cTR R R Mα α −, =

, where the ratio of 

1b

b

T
T

−

 accounts for the modest rate-loss induced by the known 
reference symbol of the classic differential signalling process. Furthermore, in order for the RS to decode the received 
signal correctly thus avoiding the potential error propagation, the source transmission rate should be below the non-
coherent constrained information rate of the source-relay link, thus we have:  

 
( ) ( ) ( )o I I

coop s sr e s rR R C Iα α γ α, ≤ = ; .s y
 (62) 

Consequently, according to (59), (60) and (62), the DDF-aided cooperative network capacity can be written as:  

 
DDF( ) min{ ( ) ( ) (1 ) ( )}o I I I I II II
coop e s r s d r dC I I Iγ α α α α, = ; , ; + − ; ,s y s y s y

 (63) 

indicating that the TRA-factor α  of (61) plays a crucial role in determining the network’s capacity.  
                                                           
7The flexibility of code-rate-allocation may be ensured by rateless codes, for example. 
8The terminology of ‘equivalent SNR’ is used here to indicate the fact that it quantifies the ratio of 

the transmit power and the receiver’s noise, which are measured at physically different points. 
o
eγ  

denotes the network’s overall equivalent SNR, having the following relationship with the equivalent 

SNRs, 
s
eγ  and 

r
eγ  at the source and relay transmitters: 

22s r o
e e e wPγ γ γ σ+ = = / . 
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B.2. Optimum Time Resource Allocation for the DDF System 

Lemma 1: The optimum TRA-factor ̂
optα , which maximizes the achievable information rate of a single-relay-aided 

DDF-based cooperative transmission, is given by:  

 

( )
( )ˆ

( ) ( ) ( )

II II
oopt r d
e I I I I II II

s r s d r d

I

I I I
γα

;= ,
; − ; + ;

s y
s y s y s y  (64) 

, yielding the globally maximum achievable rate of  

 

DDF ( ) ( )
( )ˆ

( ) ( ) ( )

I I II II
o opt s r r d

coop e I I I I II II
s r s d r d

I I
C

I I I
γ α

; ;, = .
; − ; + ;

s y s y
s y s y s y  (65) 

Proof of Lemma 1: For a given 
o
eγ

, we can find aα = , which satisfies 

( ) (1 ) ( ) ( )I I II II I I
s d r d s raI a I aI; + − ; = ;s y s y s y

, hence the resultant network capacity of (63) becomes:  

 
DDF( ) ( ) (1 ) ( ) ( )o I I II II I I
coop e s d r d s rC a aI a I aIγ , = ; + − ; = ; .s y s y s y

 (66) 

Furthermore, due to the path-loss-induced power gain, which implies that we have 
2 2

sd rdh hσ σ<
, and owing to 

the equal power allocation assumption, i.e. s rP P=
, it is evident that  

 ( ) ( )I I II II
s d r dI I; < ; .s y s y  (67) 

Thus, for any b aα = > , we have:  

 ( ) (1 ) ( ) ( ) (1 ) ( )I I II II I I II II
s d r d s d r dbI b I aI a I; + − ; < ; + − ; ,s y s y s y s y  (68) 

which in turn results in  

 ( ) (1 ) ( ) ( ) ( )I I II II I I I I
s d r d s r s rbI b I aI bI; + − ; < ; < ; .s y s y s y s y  (69) 

Hence, according to (63), the network capacity associated with bα =  may be expressed as:  

 
DDF( ) ( ) (1 ) ( )o I I II II
coop e s d r dC b bI b Iγ , = ; + − ; .s y s y

 (70) 

Based on (66), (68) and (70), we arrive at:  

 
DDF DDF( ) ( ) ifo o
coop e coop eC b C a b aγ γ, < , , > .

 (71) 

On the other hand, according to (66) and (67), for any c aα = < , we have:  

 ( ) (1 ) ( ) ( ) (1 ) ( ) ( )I I II II I I II II I I
s d r d s d r d s rcI c I aI a I aI; + − ; > ; + − ; = ; .s y s y s y s y s y  (72) 

Additionally, since c a< , we have:  

 ( ) ( )I I I I
s r s rcI aI; < ; ,s y s y  (73) 

which in turn yields ( ) (1 ) ( ) ( )I I II II I I
s d r d s rcI c I cI; + − ; > ;s y s y s y . Again, according to (63), the maximum achievable 

information rate associated with cα =  may be formulated as:  

 
DDF( ) ( )o I I
coop e s rC c cIγ , = ; .s y

 (74) 

Consequently, by referring to (66), (73) and (74), it becomes plausible that:  
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 ( ) ( ) ifcoop o coop o
DCMC e DCMC eC c C a c aγ γ, < , , < .  (75) 

Hence, based on (71) and (75), the optimum TRA-factor that maximizes the achievable network information 

rate is 
opt aα = , which can be computed with the aid of (66). Fianlly,we arrive at:  

 

( )
( )ˆ

( ) ( ) ( )

II II
oopt r d
e I I I I II II

s r s d r d

I

I I I
γα

;= ,
; − ; + ;

s y
s y s y s y  (76) 

which in turn leads to the globally maximum achievable network information rate as:  

 

DDF ( ) ( )
( )ˆ

( ) ( ) ( )

I I II II
o opt s r r d

coop e I I I I II II
s r s d r d

I I
C

I I I
γ α

; ;, = .
; − ; + ;

s y s y
s y s y s y  (77) 

This completes the proof of Lemma 1.  


