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Abstract— This paper overviews and connects together recent s — h equations

results by the authors regarding the weight and stopping set
size distributions of generalizations of low-density paty-check SPC CN‘ ‘ ‘ ‘ ‘ ] ‘ (s,h) gen. CN
(LDPC) codes. We begin by reviewing a result which allows

edges

for evaluation of the growth rate of the weight distribution for oo e
codewords ofany weight (linear in the codeword length). We then q edges
show how asymptotic analysis of this general result can leath a

result which encapsulates the behaviour of the growth rate fothe rep VN ‘ (¢,k) gen. VN

weight distribution for the case of small linear-weight codewords.
We then show that many existing results in the literature alog
this line may be viewed as special cases of this general resul k bits

I. INTRODUCTION

Recently, low-density parity-check (LDPC) codes have
been intensively studied due to their near-Shannon-limit p Fig. 1. Structure of a D-GLDPC code. A, k) generalized CN accounts
formance under low-complexity belief-propagation deogdi for s - linearly independent parity-check equations, and coutieis edges
Regular LDPC codes were first proposed by Gallager g;ebTitaS"]';f]rdggmikﬁ’e];)e?jzgir?gztﬁz \T/;\'n'nsefsgsrc;‘;ﬁte‘j WithD-GLDPC
1963 [1]. In the last decade, the capability of irregular KDP
codes to outperform regular ones in the waterfall region of

the performance curve and to asymptotically approach (@ cns may be of any generic linear block code types. A
even achieve) the communication channel capacity has bpo%@reeq VN may in principle be anyg, ) linear block code,
recognized and deeply investigated (see for ins'ganc_eSl];?_]-[ being the code length aridthe code dimension. Such a VN

It is usual to represent an LDPC code as a bipartite gra[??'associated wittk D-GLDPC code bits. It interprets these
also known as a Tanner graph [6], where the nodes are groupgd g jts |ocal information bits and interfaces to the CN se
into two disjoint sets, namely, the variable nodes (VNS) anf;q g itsq local code bits. A VN which corresponds to a
the check nodes (CNs), such that each edge may only connggl, ok code which is not a repetition code is said to be a
aVNtioaCN. Inthe Tanner graph of an LDPC C(_)(_je' a 9eneldeneralized VN. A D-GLDPC code is said to be regular if all
degreeq VN can be mterpret_ed as a lengjirepetition _code, of its VNs are of the same type and all of its CNs are of the
while a degreer CN can be interpreted as a lengtfsingle same type and is said to be irregular otherwiJée structure

parity—check (SPC.) code. , of a D-GLDPC code is depicted in Fig. 1.
Prior to the rediscovery of LDPC codes, generalized LDPC An important tool for analysis of LDPC codes and their

(GLDPC) codes were introduced by Tanner in 1981 [6]. eneralizations is represented by trewth rate of the weight

tC;]L?Pg code g’(\alnerah_zes ?he_ c;or;)cept of an.LDP%ICOEe fribution (or spectral shape), whose definition is reviewed
at a degree-CN may in principle be anys, h) linear bloc in Section 1. It allows for analysis of the asymptotic dilstr-

Cogil‘s being ihef code I:n?th arlfdth%codeddlnlens?n. iucﬁtion of linear-weight codewords for a code randomly chosen
a accounts fofs — 1) linearly independent parity-chec from a given ensemble. This concept was introduced in [1],

equations. A CN associated with a linear block code which Within the context of Gallager's regular LDPC codes. More

nOIGZnsefaﬁizC:ddﬁ[l)iéa::%é%sb?eargggr?tr ?szc()jmcisl\ilﬁ solution f; ercently, the study of the growth rate of the weight disti
. P P g as been extended to irregular LDPC ensembles. Pioneering

low-rate channel coding schemes, due to an overall rate lIoss, . . .
: : ._WOrks in this area are [12]-[14]. In [14] a complete solutfon
introduced by the generalized CNs [7]. Doubly-generalized
LDPC (D-GLDPC) codes generalize the concept of GLDPC, . L . .

d hile facilitatin reater desian flexibility in tesnof Note that'VNs _asso_mated with different re_presentatlontshefsame Ilngar
codes w g9 g y block code (i.e. with different generator matrices) areardgd as belonging
code rate [8]-[11]. In a D-GLDPC code, the VNs as well a® different types.

N code bits



the growth rate for irregular LDPC codes was developed. Thédso the length of any D-GLDPC codeword in the ensemble
growth rate of the weight distribution of binary GLDPC code#s given by

was investigated in [15]-[18]. Related results for expande E\ n Acks
codes were developed in [19]-[21]. Also, [24] investigates N = Z (—) kt = ™ Z .
the asymptotic weight enumerators of many LDPC-like codes ter, » 1t I ter, I

including turbo codes and repeat-accumulate codes. Note that this is a linear function of. Similarly, the total

In this paper, an overview is provided of recent results Iey thumber of parity-check equations for any D-GLDPC code in
authors regarding the growth rate of the weight distributé the ensemble is given by

D-GLDPC codes. First, a result which allows for evaluatién o (50 — he)
the growth rate for codewords afiy weight is reviewed. It is > Pt — )
then shown how asymptotic analysis of this general result ca tel. St

lead to a result which encapsulates the behaviour of thetgrovk member of the ensemble then corresponds to a permutation
rate in the case ofmall linear-weight codewords. We theng, ihe i edges connecting CNs to VNs. Tldesign rate of

®3)

m
M=
Ir

provide a series of corollaries which contain many existinge p-GLDPC ensemble is given by

results in the literature as special cases.

We also stress that all of the results in this paper may
be extended to the growth rate of the stopping set size
distribution. For the definition of stopping sets of LDPC eed

we refer the reader to [22], [23].

Il. IRREGULARDOUBLY-GENERALIZED LDPC CoDE
ENSEMBLE

We define a D-GLDPC code ensemhlet,, as follows,
wheren denotes the number of VNs. There arg different
CN typest € 1. = {1,2,---,n.}, and n, different VN
typest € I, = {1,2,--- ,n,}. For each CN type € I,
we denote byh;, s;
minimum distance,
we denote byk;, ¢
minimum distance,
fraction of edges connected to CNs of typeSimilarly, for

respectively. For each VN type I,

R:l_%zl_ztelcpt(lfﬁs)

N Ztelu ARy

where fort € I, (resp.t € I,), R; is the local code rate of
CNs (resp. VNs) of type.

The growth rate of the weight distribution of the irregular
D-GLDPC ensemble sequenéé,,} is defined by

(4)

lim
n—oo

G(a) = Jim = TogEas, [Non) ©)

whereE ., denotes the expectation operator over the ensem-
ble M,,, andN,, denotes the number of codewords of weight

and r, the CN dimension, length andw of a randomly chosen D-GLDPC code in the ensemniblg.

The limit in (5) assumes the inclusion of only those positive

and p; the VN dimension, length and integersn for which an € Z andEp,, [Va,] is positive (i.e.,
respectively. Fore I., p, denotes the where the expression whose limit we seek is well defined).

Note that the argument of the growth rate functi@(w) is

t € I, \; denotes the fraction of edges connected to VNs etjual to the ratio of D-GLDPC codeword length to the number
type ¢. Note that all of these variables are independent.of of VNs; by (3), this captures the behaviour of codewordsdine

The polynomialsp(z) and \(x) are defined by
o(@) = 3 !

tel.

AMz) = Z Apx? ™1

tel,

and

If £ denotes the number of edges in the Tanner graph,

number of CNs of type € I. is then given byEp;/s;, and
the number of VNs of type € I, is then given byE);/q;.
Denoting as usuafo1 p(x) dz and fol A(z)dz by [ pand [ A

respectively, we see that the number of edges in the Tanner

graph is given by n
F=__
i)
and the number of CNs is given by = E [ p. Therefore,
the fraction of CNs of type € I. is given by

p

t
= 1
Vi Stfp ( )
and the fraction of VNs of type € I, is given by
A
6 = — (2)

Qtf)\.

in the block length, as in [14] for the LDPC case.

For any irregular D-GLDPC ensemble sequence with
growth rate of the weight distributio:(«), we define the
critical ratio o* = inf{a > 0 | G(a) > 0}. A positive critical
ratio o* is an important first-order property of a D-GLDPC
code ensemble.

the I1l. FURTHER DEFINITIONS AND NOTATION

The weight enumerating polynomial for CN typec 1. is
given by

i A gu

U=r

AW (z) = Z A gu =1 4
u=0

Here A > 0 denotes the number of weighteodewords for
CNs of typet. Note thatA") > 0 for all ¢ € I.

The bivariate weight enumerating polynomial for VN type
t € I, is given by

ki t ki t
BOGy) =3 3 By =143 Y By
u=0 v=0 u=1v=p;

Here BffZ) > 0 denotes the number of weightcodewords

generated by input words of weight for VNs of typet. Also,



for eacht € I,,, corresponding to the polynomid@® (z,v)
we denote the sets

Se={(i,j) e z* : B{") >0} (6)

and

S; = 5:\{(0,0)} . (@)

Since all of the coefficients af; (x) andQ2(x) are positive,
these polynomials are both monotonically increasingiono)

and therefore their inverses, denoted®y" (z) and Q; * ()

respectively, are well-defined and unique on this intefiNake
that in the case = p = 2, we have

Qi(x) = C - P(a)

We denote the smallest minimum distance over all CN typgs,re

by
r=min{r, : t€l.} >2
and the set of CN types with this minimum distance by
Xe={tel. : nv=r}.
We define the parameter
p=r/(r—1) 8

and note that we have < ¢ < 2 with equality if and only if
r = 2. We also define the (positive) parameter

(t)
Z ptA ©)

Pa) =23 23 Bl (14)

teX, a i€Ly
Also note that in the case=p = 2, (9) becomes

722/%

teX.
and we define the (positive) parameter

(t)

teX,

as the counterpart of the parametérin the variable node
domain. HereB = D e, B 12 is the total number of
weight2 codewords for VNs of type. Note that in this case

(15)

(16)

Similarly, we denote the smallest minimum distance ovefe parameteC’ depends only on the CNs with minimum

all VN types by
p=min{p; : t€ [} >2
and the set of VN types with this minimum distance by

Xv:{tEIv : pt:p}'

Jj—v
1
and the set

Y,={tel, : min {j,w}T .
(4,)€8, ¢

Sincel < ¢ < 2 with equality if and only ifr = 2, and
j>p>2foraltel, (i,j) € S, it follows thatT > 0
with equality if and only ifr = p = 2. Also, fort € Y, define

Pt:{(i,j)ESt : #:T}.

Note that in the specific case= p = 2, we haveT = 0 and
Y, = X,, and we may writeP; = {(i,2) : ¢ € L;} where

We define the parameter

T = min min

10
telo (i.j)es; 4o

(11)

distance2, and the paramete¥ and the polynomialP(x)
depend only on the VNs with minimum distanzeAlso note
that while the polynomiaP(z) given by (14) depends on the
VN representations (i.e. generator matrices), the paraméter
given by (16) does not.

Finally, throughout this paper, the notatien = exp(1)
denotes Napier's number.

IV. GROWTH RATE FORDOUBLY-GENERALIZED LDPC
CODE ENSEMBLE

The following theorem, proved in [26], provides an exact
characterization of the growth rate of the weight distridoit
for a general range af.

Theorem 4.1: The growth rate of the weight distribution
of the irregular D-GLDPC ensemble sequerdée,, } is given

by

G(a) = Z 6:log BY (o, y0) — alog xg

+ <%) > yelog A (z) + bg(lf_—/\@”)

s€l.

(17)

Li={ieZ : B(t) > 0} for eacht € X, — note that these wherexg, yo, 20 and§ are the unique positive real solutions

sets are nonempty
We define the polynomials

Or(z) = Z)\t Z B(tcj/7

tey, a (i,4)EP:

iT /4
( / )\) zt (12)
and

iT/y
=3y e (%) @ (19)

tEYv (4,5)€EP:

to the4 x 4 system of polynomial equatiohs

(t)
Z G ) =3 (18)
tA(t) ZO )
a B®)
(z0,%0) .
Zo Z 5t B(t) ECO yo) =, (19)

tel,

2Note that while (18), (19) and (20) are not polynomial as setrihere,
each may be made polynomial by multiplying across by an g factor.



8B (:L' . .
S5 (0, v0) which, using (9), may be expressed as
Yo Y St ——= =0, (20)
tel, B® (0, yo) 5f)\ 1/r
. (_) . (25)
and c
<ﬂ/>\> (1 + yo20) = yozo - (21) Also note that asx — 0, (21) becomes
aomo =0 [ 2. (26)

It is important to note that this always yields a systemdof
equations int unknownsyegardless of the number of different

CN and VN types. n 1/9
The following theorem characterizes the asymptotic be- Yo =C (5/)‘) : (27)
haviour of the growth rate function of Theorem 4.1cas- 0.

Combining (26) with (25) and using (8) yields

Next, consider (20) as — 0. The expression on the left-hand
side is a rational polynomial img andyg, whose denominator
Theorem 4.2: Consider an irregular D-GLDPC code entends to unity asx — 0. Therefore (20) becomes
semble sequenca,,. For sufficiently smalla, the growth ) i
rate of the weight distribution is given by D& Y. iBawh =8, (28)
tel, (i.,j)GSg*)

G(a) = Zalo a+allo 1 which, using (2) and substituting fay, from (27), may be
TR “\o -
1 written as
+ T log (*1 ) +0(?). (22) At ) ~j a i
v\ QaQT (1) | 2. 2 IBOT ( (#/2) ) =1

tel, (i,7)es ™)
A rigorous proof of this theorem is given in [27]; however w
may justify this result in the context of Theorem 4.1 throug
the reasoning given in the next section.

incexg is independent ot,j andt, the expression on the
ft-hand side is dominated as— 0 by those terms such that
(j —1)/i is minimized, i.e. by terms correspondingite Y,,
V. SOLUTION FOR SMALL LINEAR-WEIGHT CODEWORDs  (-J) € Pr. The expression may thus be approximated as
In this section we analyze Theorem 4.1 in the case 0. A e T
Y Sy e (s [a) a-t

We prove a weaker form of Theorem 4.2, namely ¢ 0~

teYy, (i,§)EP:

Proposition 5.1: For a ~ 0, This may then be written as

T 1 Qi(xp) =1, (29)
G(a) = —aloga + a| log (_7) 0
v Qr'() where
v Zlog( 1 )1 . (23) o =m0 ()Y (30)
() Q2(Q7 (1)) Next consider (19) asx — 0. As in the previous case, the

Here we prove this in a more direct, although somewhat Ieé)?pression on the left-hand side is a rational polynomial in

rigorous, manner than does the proof given in [27], using tf}[% and yo, whose denominator tends to unity as— 0,

polynomial-system solution of Theorem 4.1. We proceed a%d whose numerator is dominated @s— 0 by the terms

fqllows. First, obsgrye frorpi)(lg) that as— 0, we must haye corresponding t(xéyg for t € Y,, (i,j) € P;. Therefore (19)
zpyy — 0 for all (i,5) € Sy’ wheret € I,. From (20), this o .omes

in turn implies that3 — 0. Now, consider (18) ag — 0.

The expression on the left-hand side is a rational polynbmia @) i1
in zo whose denominator tends to unity ds— 0, and whose Zo Z 0y Z iB; jxg Yy | = (31)
numerator is dominated a&— 0 by the term corresponding teYy (i.7)€P:
to the lowest power of,. Therefore, (18) becomes Similarly to the previous case, using (2) and substitutiog f
yo from (27), then using the fact that= T+ forall t € Y,
20 (%) > (TAS“ZE_l) =8, (24) (i,j) € P, yields .
rex Qa(xp) = 3 (32)
or (using (1))
wherex] is given by (30). Therefore
o A® .
T T _ A (%
By =8 / = (33)

Q2(Q' (1)

teX.



Note thats is a linear function ofy (asymptotically asx — 0). J
Note also that this implies (via (30)) that is proportional
to a~T/% and (via (27)) thay, is proportional toa!/¥, and
thereforez{y] is proportional tox for all ¢t € Yy, (i,5) € P,
(asj = 4T + ¢ for all such(i, 5)).

Finally, we consideiG(«) given by (17) fora ~ 0. Using
(30), along with the approximatiolog(1 + t) ~ ¢ for ¢t = 0,
we obtain

Gla)~ 36 D5 Bfahy —alos |rh(es) /" | 1234567
telv G.j)es;

increasing
=
i

N W s O OO N

fixed point
0,¢) ——>=

f P St Fig. 2. Diagram of the VN input-output weight enumeratingidtions and
wth rate dominant sets in ti{¢, j) plane. The illustration is for a smallest

+ ADzy - (34) growh rate dor "

f)\ Z n Z wa = f (34 CN minimum distance of = 3, sovy = 3/2. The setss‘f ) for the three

VN typest € I, = {R, G, B} are illustrated by the red, green and blue

il i ; ; circles respectively. The lin€ has a fixed point af0, ) and is rotated in
The polynomial inzy is dominated asx — 0 by the term an anticlockwise fashion until it touches one of the redegrer blue points.

correspo_ndi_ng to the Io_west power of. Also, the bivariate |, is example, this occurs at two points, 3) € s and (5,4) € %)
polynomial inzo andy, is dominated asx — 0 by the terms (simultaneously). Therefore in this examfiie= 1/2, Y, = {B, R}, Pp =
corresponding taciy} for t € Y, (i,5) € Pi. Therefore we {(3,3)} and Pr = {(5,4)}.

tel. U=Tt

may write
N j—iT ® i i Corollary 6.1: In the case where either > 2 or p >
Gla) ~ Z Ot Z ( » >Bz'-,jx0y6 — alog g 2, for sufficiently smalla the growth rate of the weight
teYy  (Lg)eh | distribution is given by
ol P 0)
- L7 T _ T
i P (1+1og ) + [P Z WAz~ (39) G(a) = —aloga+ O(a) , (37)

tex. (]
where we have used the fact that i7" + ¢ for all t € Y,,, whereT > 0.
(i,7) € P;. This then simplifies to

_B-Ta

Thus the code has a positive critical rati® in this case. This
generalizes results along this line in [17], [18], [19]. Aesjal
case of Corollary 6.1, which occurs in many D-GLDPC code

G(a) —alogazé—l—%(l-ﬁ-logﬁ)—i—g—ﬁ (36)

where we have used (24), (28) and (31). Combining terms a%lasembles, Is as follows.

using (29), (33) and (8), leads to (23). Corollary 6.2: Supposer > 2 or p > 2 and also
Utey, Pr = {(4,7)} for a single point(i, ), i.e. a single point
VI. DISCUSSION ANDCOROLLARIES (i, §) achieves the minimum in (10) although ttisj) may be

Note that from Theorem 4.2, only the VN input-outputnanifest in different VN types € Y,,. Then, for sufficiently
weight enumerating function coefficien&(fj) such that(i,j) Small T
lies in one of the setd’; (¢t € Y,) make a contribution to G(a) = —aloga + Ka+ O(a?) , (38)
the growth rate of the weight distribution. It is instrugiv ¥
to consider the following geometric construction of thes@hereK is given by

‘dominant’ sets in thei, j) plane. A line£ through the fixed . ) —
point (0,4) is rotated in an anticlockwise fashion until it — 1 llog <Z Z B£?5t>+llog C+2L log <L) _r
comes in contact with one or more of the poifitsj) € St(’), v ey, r v ¢ Y

t € I,. The slope of the line at this point is defined a8, the (39)
set oft € I, which have pointgi, j) € £ are defined a¥,,,

and for each such the set of such points of is defined as Corollary 6.3: Consider a GLDPC code ensemble with
P;. This interpretation is illustrated in Figure 2 for an exdenp iregular CN set and irregular VN set (i.e. different VN

D-GLDPC cg(_je with thrge VN t)’peﬁv = {R,G, B}. Note degrees). In this case, denotes the minimum VN length.
that the position of the fixed point depends on the smallegtap, for sufficiently smalk

CN minimum distance, and always lies somewhere on the

line segment joining(0,1) and (0,2) (including the latter G(a) = <p _P_ 1) aloga + Ko+ 0O(a?) (40)
endpoint). r
We next provide a series of corollaries to Theorem 4.2; thjghere
serves to illustrate the manner in which several relatedltes P P p[A
in the literature follow as special cases of this generalltes K = log <e Z B&&) +; log CJFE log <7) . (41)
tey,



This provides a generalization of the result of [17] which[4]
derived (40) for the case of GLDPC codes witgular CN
sets and irregular VN degrees, and which did not include thg,
result (41) regarding the evaluation of the paraméfer

M,

Corollary 6.4: Consider a D-GLDPC code ensemble

satisfyingr = p = 2. Then, for sufficiently smalk,
the growth rate of the weight distribution is given by
— 1 2
G(a) = alog [P—l(l/C)] +O(a”) . (42)

where the polynomiaP(z) and the paramete?' are given by

(14) and (15) respectively.

(6]
(7]

(8]
El

Note that in this special case the growth rate depends oIyl
on the CNs and VNs with minimum distance equaltdNote
also that (42) is a first-order Taylor series aroung 0 which
directly generalizes the results of [14] and [18] (for inuéay
LDPC and GLDPC codes respectively) to the case of irregulﬁlg]
D-GLDPC codes. Corollary 6.4 first appeared in [25].

[11]

Corollary 6.5: Consider a D-GLPDC code ensemblgi3]
M., satisfyingr = p = 2. Then, a necessary and sufficient
condition for M,, to have a positive critical ratia* is

C-V<l1 (43)

whereC andV are given by (15) and (16) respectively.

[14]

[15]

Note that Corollary 6.5 generalizes a result of [14] whictes [16)
that an irregular LDPC code ensemble has positive critical
ratio if and only if N'(0)p'(1) < 1, where A(z) and p(x)

distributions.
Finally, note that although we have presented our resufté]

in the context of the weight distribution, all of the resuilts

[17

this paper may be extended in a straightforward manner [18]
cover the growth rate of the stopping set size distributiol%]
Stopping sets are defined in the context of iterative degpdin

over the binary erasure channel (BEC), and in the case [¥]

generalized check and variable nodes the definition of &gpp

set depends on the decoding algorithm used to locally recoye,
from erasures. The relevant definitions for D-GLDPC codes
are given in [27, Appendix I1].
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