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Abstract—In this paper, a method for the asymptotic analysis of
generalized low-density parity-check (GLDPC) codes and doubly
generalized low-density parity-check (D-GLDPC) codes over the
binary erasure channel (BEC), based on extrinsic information
transfer (EXIT) chart, is described. This method overcomes the
problem consisting of the impossibility to evaluate the EXIT
function for the check or variable component codes, in situations
where the information functions or split information functions
for component codes are unknown. According to the proposed
technique, GLDPC codes and D-GLDPC codes where the gener-
alized check and variable component codes are random codes with
minimum distance at least 2, are considered. A technique is then
developed which finds the EXIT chart for the overall GLDPC or
D-GLDPC code, by evaluating the expected EXIT function for
each check and variable component code. This technique is finally
combined with the differential evolution algorithm in order to
generate some good GLDPC and D-GLDPC edge distributions.
Numerical results of long, random codes, are presented which
confirm the effectiveness of the proposed approach. They also
reveal that D-GLDPC codes can outperform standard LDPC
codes and GLDPC codes in terms of both waterfall performance
and error floor.

Index Terms—Binary erasure channel, channel coding, EXIT
chart, information functions, iterative decoding, low-density
parity-check (LDPC) codes, split information functions.

1. INTRODUCTION

OW-DENSITY parity-check (LDPC) codes [1] have been
L shown to exhibit excellent asymptotic performance over a
wide range of channels, under iterative decoding [2], [3]. It has
been proved that irregular LDPC codes are able to asymptoti-
cally achieve the binary erasure channel (BEC) capacity for any
code rate [4], [5]: this means that, for any code rate R and for
any small e > 0, it is possible to design an edge degree dis-
tribution (), p) such that fol p(z)dz/ [y Mz)dz =1 — R and
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whose asymptotic threshold is ¢* = (1 — €)(1 — R). Examples
of capacity achieving (sequences of) degree distributions are the
heavy-tail Poisson sequence [4] and the binomial sequence [6].

It is well known that this very good asymptotic performance
in terms of decoding threshold does not necessarily correspond
to a satisfying finite length performance. In fact, finite length
LDPC codes with good asymptotic threshold, though typically
characterized by good waterfall performance, are usually af-
fected by high error floors [7]-[9]. This phenomenon has been
partly addressed in [10], where it is proved that all the so far
known capacity approaching LDPC degree distributions, all
characterized by A'(0)p'(1) > 1, are associated with finite
length LDPC codes whose minimum distance is a sublinear
(more precisely, logarithmic) function of the codeword length
N. When considering transmission on the BEC, the low weight
codewords induce small stopping sets [11], thus resulting in
high error floors.

The (so far not overcome) inability in generating LDPC codes
with threshold close to capacity and good minimum distance
properties as well, is one of the main motivations for investi-
gating more powerful (and complex) coding schemes. Such ex-
amples are generalized LDPC (GLDPC) codes and doubly gen-
eralized LDPC (D-GLDPC) codes. In GLDPC codes, generic
linear block codes are used as check nodes (CNs) in addition to
the traditional single parity-check (SPC) codes. First introduced
in [12], GLDPC codes have been more recently investigated,
for instance, in [13]-[23]. Recently introduced in [24], [25] (see
also the previous work [26]), D-GLDPC codes represent a wider
class of codes than GLDPC codes. The generalization consists
of using generic linear block codes as variable nodes (VNs) in
addition to the traditional repetition codes. Linear block codes
used as check or variable nodes are called component codes
of the D-GLDPC code. The CNs represented by component
codes which are not SPC codes are called generalized check
nodes, and their associated codes generalized check component
codes. Analogously, the VNs represented by component codes
which are not repetition codes are called generalized variable
nodes, and their associated codes generalized variable compo-
nent codes. The ensemble of all the CNs is referred to as the
check node set, and the ensemble of all the VN as the variable
node set. In this paper, only check and variable (linear) binary
component codes are considered, so that the overall GLDPC or
D-GLDPC code is a binary code.

It is worthwhile pointing out a connection between
D-GLDPC codes and the class of expander codes constructed
on bipartite graphs investigated, for instance, in [27], [28] and
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referred to in this latter work as bipartite graph codes. Consid-
ering the code construction described in [28, Section II1.A], each
node in the bipartite graph is associated with a binary linear
code, and each edge in the bipartite graph is associated with an
encoded bit. A binary word is a valid codeword for the bipartite
graph code if and only if each node in the graph recognizes
a valid local codeword. (Note that the regular construction
described in [27], [28] can be easily extended to irregular con-
structions.) A D-GLDPC code whose VNs are all represented
in systematic form can be interpreted as a punctured bipartite
graph code, where the punctured bits are those associated with
the local parity bits of each VN.

This interpretation is coherent with the representation of
these codes as GLDPC codes. A bipartite graph code can be
represented as a GLDPC code where all VNs have a degree 2
(in the same way as the code-fo-code graph illustrated in [21]).
Moreover, a D-GLDPC code can be represented as a punctured
GLDPC code, provided all the VNs of the D-GLDPC code
are represented in systematic form [29].! If we now consider a
D-GLDPC code with VNs in systematic form, we can represent
it either as a punctured GLDPC code or as a punctured bipartite
graph code. If we now represent this latter code as a GLDPC
code we obtain again the same punctured GLDPC code. This
interpretation of a D-GLDPC codes as a punctured bipartite
graph code is however limited to the case where all D-GLDPC
code VN are represented in systematic form.

The asymptotic threshold analysis of random GLDPC codes
and random D-GLDPC codes can be in principle performed
through extrinsic information transfer (EXIT) charts [30]-[32].
The success of this approach is bound to the knowledge of the
EXIT function for each check and variable component code.
In [31, Th. 2] it is proved that, if the communication channel
is a BEC, then the EXIT function of a linear block code,
under maximum a posteriori probability (MAP) decoding, can
be related to the code information functions (a concept first
introduced in [33]), and that the EXIT function of a linear block
code with split encoder, under MAP decoding, to the code
split information functions. This relationship between EXIT
function and (split) information functions is very useful for the
threshold analysis over the BEC of GLDPC and D-GLDPC
codes constructed with component codes whose (split) infor-
mation functions are known. A major problem is that, for a
wide range of linear block codes, including most binary double
error-correcting and more powerful Bose—Chaudhuri—-Hoc-
quenghen (BCH) codes, these parameters are still unknown.
In fact, no closed-form expression is available as a function of
the code dimension £ and code length n, and a direct compu-
tation of these parameters is often unfeasible, due to the huge
computation time required, even for small codeword lengths.
This is the case, for instance, of the split information function
computations for the (31, 10) dual code of a narrowsense binary
(31,21) BCH code.

In this paper, a solution is proposed for the asymptotic anal-
ysis of GLDPC and D-GLDPC codes, which allows to overcome
the impossibility to evaluate the EXIT function for the check or

!Note that the D-GLDPC and GLDPC representations are equivalent in the
sense that they share the same set of codewords, but the equivalence does not
hold for the iterative decoders.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 4, APRIL 2010

variable component codes when the above-mentioned code pa-
rameters become too large. The proposed method consists of
considering random check and variable generalized component
codes belonging to a certain expurgated ensemble, instead of
specific check and variable generalized component codes (like
Hamming codes, BCH codes, etc., or their dual codes). This
expurgated ensemble is the ensemble of all the binary linear
block codes with given codeword and information block lengths
and whose minimum distance satisfies dy,;, > 2. A technique
is then developed to exactly evaluate the expected information
function for each check component code and the expected split
information function for each variable component code over
the expurgated ensemble. This allows to evaluate the expected
EXIT function for each check component code or variable com-
ponent code, assuming transmission over a BEC, and therefore
the expected EXIT function for the overall CN set or VN set.

The developed analytical tool is then exploited to design
capacity approaching GLDPC and D-GLDPC distributions.
Simulation results obtained on random, long codes, reveal that
capacity approaching D-GLDPC codes can be characterized
by a better threshold and a lower error floor than capacity
approaching LDPC and GLDPC codes, at the cost of increased
decoding complexity. Moreover, by imposing constraints on
the fraction of edges toward the generalized CNss, the error floor
of D-GLDPC codes can be further lowered, while preserving
a good waterfall performance.

The paper is organized as follows. In Section II, the con-
cept of GLDPC code and D-GLDPC code is presented, while
in Section III the relationship between the EXIT function of
check and variable component codes, and (split) information
functions, is reviewed for the BEC. In the same section, the
EXIT function of a generalized CN, assuming bounded dis-
tance decoding instead of MAP decoding, is investigated for
the BEC. Section IV is devoted to the derivation of the random
component code constraints and to the definition of the expur-
gated ensemble of check and variable component codes, which
guarantees a correct application of the EXIT chart analysis. In
Sections V and VI, the evaluations of the expected informa-
tion function for a random check component code and of the
expected split information function for a random variable com-
ponent code are developed, respectively. Numerical results in-
volving threshold analysis, distribution optimization and finite-
length performance analysis, for both GLDPC and D-GLDPC
codes, are presented in Section VII. Finally, concluding remarks
are given in Section VIII.

II. GLDPC CobEs AND D-GLDPC CODES

A traditional LDPC code of length NV and dimension K is
usually graphically represented by means of a bipartite graph,
known as a Tanner graph [12], characterized by N VNs and
anumber M > N — K of CNs. Each edge in the graph can
only connecta VN to a CN. According to this representation, the
VNs have a one-to-one correspondence with the encoded bits of
the codeword, and each CN represents a parity-check equation
involving a certain number of encoded bits. The degree of a
node is defined as the number of edges connected to the node.
Thus, the degree of a VN is the number of parity constraints the
corresponding encoded bit is involved in, and the degree of a CN
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Fig. 1. Structure of a D-GLDPC code.

is the number of bits involved in the corresponding parity-check
equation.

A degree-n CN of a standard LDPC code can be interpreted
as a length-n SPC code, i.e., as a (n,n — 1) linear block code.
Analogously, a degree-n VN can be interpreted as a length-n
repetition code, i.e., as a (n, 1) linear block code, where the in-
formation bit corresponds to the bit received from the communi-
cation channel. A first step toward the generalization of LDPC
codes consists of letting some of (or eventually all) the CNs,
be generic (n, k) linear block codes: the corresponding code
structure is known as a GLDPC code. An (n, k) generalized CN
is connected to n VN, and corresponds to n — k parity-check
equations. Then, for GLDPC codes, the number of parity check
equations is no longer equal to the number of CNs.

The generalized CNs are characterized by a higher error
or erasure correction capability than SPC codes, and they
can be favorable from the viewpoint of the code minimum
distance [13], [22]. The drawback of using generalized CNs
is an overall code rate loss, which might not be compensated
by their higher correction capability [18]. This makes GLDPC
codes with a uniform CN structure (i.e., composed only of
generalized nodes, e.g., only of (7,4) Hamming codes) quite
poor in terms of decoding threshold. This poor threshold, which
was evaluated in [18] for the BEC assuming bounded distance
decoding at the CNs, does not improve to competitive values
even if MAP decoding is performed at the CNs, as it will be
shown in Section VII.

The second generalization step consists of introducing VNs
different from repetition codes. The corresponding code struc-
ture is known as D-GLDPC code [24], [25], [34], and is rep-
resented in Fig. 1. An (n, k) generalized VN is connected to
n CNs, and receives its k information bits from the communi-
cation channel. Thus, & of the N encoded bits for the overall
D-GLDPC code are received by the (n, k) generalized VN, and
interpreted by the VN as its k information bits.

The above mentioned rate loss introduced by generalized CNs
makes GLDPC codes an attractive solution only for low code
rate coding schemes. On the other hand, the introduction of gen-
eralized variable component codes enables a larger flexibility in
terms of code rate, due to the possibility to employ VNs with
a higher local code rate than repetition VNs for the same node
degree. For example, consider a GLDPC ensemble where all the

(n1, k1) generalized
variable node

k1 encoded
bits

CNss are of the same type and all the VNs have the same degree.
If (7, 4) Hamming codes are chosen as check component codes,
then the only possible choice for the degree of the VNS is 2, re-
sulting in an overall code rate R = 1/7. Additionally, letting the
VNs be linear block codes other than repetition codes enables
to achieve a much wider range of code rates. A rate R = 1/2
is achieved if all the VNs have a local code rate equal to 6/7,
i.e., if they are SPC codes of length 7. A high rate R > 1/2 is
achieved if the local code rate of the VNs is larger than 6/7 and
a lower rate R < 1/2 is achieved otherwise.

The iterative decoding algorithm for GLDPC and D-GLDPC
codes over the BEC is a generalization of the iterative decoder
for LDPC codes presented in [4]. Suppose that MAP decoding
is performed at each check and variable component code. In the
first half of each decoding iteration (horizontal step), a generic
(n, k) CN receives n messages from its neighboring VNs: Some
of them are known messages (i.e., “0” or “1” messages, with
infinite reliability), others are erasure messages (i.e., “?” mes-
sages). MAP decoding is then performed at the CN in order to
recover its unknown encoded bits. After the CN has completed
its decoding procedure, a known message is sent toward the
VN for each known encoded bit, along the corresponding edge,
while an erasure message is sent for each encoded bit which re-
mains unknown.

In the second half of each decoding iteration (vertical step),
a generic (n, k) VN receives n messages from its neighboring
CNs: Again, some of them are known messages, others are
erasure messages. The decoding of an (n, k) VN is analogous
to that of a CN, with the difference that, at each iteration, some
of the information bits (observed from the communication
channel) might be known as well as some of the encoded bits.
In order to exploit the partial knowledge of the information
bits, MAP decoding is performed on the extended generator
matrix [G | I.], where G is the (k x n) generator matrix chosen
to represent the VN and I}, is the (k x k) identity matrix. After
MAP decoding has been performed, some of the previously
unknown information and encoded bits for the VN might be
recovered. Known messages are then sent to the CN's associated
with known encoded bits, while erasure messages are sent for
the encoded bits which remain unknown.

The algorithm is stopped as soon as there are no longer un-
known encoded bits for the overall (N, K) code (in this case
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Fig. 2. General decoding model for the variable and check nodes of a D-GLDPC code.

decoding is successful), or when unknown encoded bits for the
overall (IV, K) code still exist, but either a maximum number of
iterations has been reached, or in the last iteration no encoded
bits were recovered (in these cases, a decoding failure is de-
clared).

With respect to iterative decoding of LDPC codes over the
BEC, during iterative decoding of D-GLDPC codes over the
BEC, each generalized VN or CN node may not be updated only
once if MAP decoding is used at the nodes of the graph. In fact,
during a certain iteration, MAP decoding performed locally at a
generalized VN or CN may recover some of the unknown local
code bits but not all of them, so that at the next iteration the
node needs a further MAP decoding processing.2 On the other
hand, similarly to iterative decoding of LDPC codes over the
BEC, also during iterative decoding of D-GLDPC codes over
the BEC each edge of the bipartite graph is used only once.

III. EXIT FUNCTIONS FOR GENERALIZED VARIABLE AND
CHECK NODES OVER THE BEC

In [31, Fig. 3], a general decoding model is described, which
can be effectively adopted to express the EXIT function over
the BEC for the generalized CNs and generalized VNs of a
D-GLDPC code. This general decoding model is depicted in
Fig. 2. The encoder of a linear block code with dimension &
is split into two linear encoders, namely encoder 1 and encoder
2, with generator matrices G1 and Gs. The encoder generates a
codeword (z,v), with £ = ¥ G; and v = u G, and codeword
length ||+ |v|, where |-| denotes the length of a vector. For each
information word u, the encoded bits x are transmitted over a
communication channel, resulting in y, while the encoded bits
v are transmitted over an extrinsic channel, resulting in w. Both
the likelihood ratios ¢ and a, relative to y and w, respectively,
are exploited by the a posteriori probability (APP) decoder in
order to compute the likelihood ratios d for the encoded bits, and
the extrinsic likelihood ratios e. In the following, capital letters
denote random variables and lower case letters realizations of
such random variables.

The EXIT function of the linear code in Fig. 2, assuming that
the encoders 1 and 2 have no idle bits3, that MAP decoding
is performed, that the communication channel is a BEC with
erasure probability ¢ and that the extrinsic channel is a BEC

2Bach VN or CN is updated only once if bounded distance decoding is used
at the node instead of MAP decoding. Note that, for repetition VNs and SPC
CNs, MAP and bounded distance decoding algorithms are equivalent.

3The expression “linear block code with no idle bits” is used to indicate that
the generator matrix of the linear block code has no all-zero columns (the ex-
pression “no idle components” is used in [31]). A linear block code with no idle
bits is often referred to as a “proper code”.

with erasure probability p, has been shown in [31, eq. 36] to be
expressed by

vl

1
Ie(.a) £ o > IV Ey)
=1

vl

1
= LS vy wy,
|’U| ; (‘/H 7W[Z]>
1 || |v|
=10 > (=) g= Y (1 p)ripl
h=0 g=1

x[gégn — (Jv| =g+ 1)ég 1] (D

In (1), V; is the 4th bit of the encoded word V' (that is a Bernoulli
random variable with equiprobable values), F; is the extrinsic
log-likelihood ratio associated with the +th encoded bit v; €
v, Y is the random word outcoming from the communication
channel, W[i] is the random word outcoming from the extrinsic
channel except its element W;, I(-) denotes the mutual infor-
mation, and é,, j, is the (g, h)th unnormalized split information
function. This parameter is defined as the summation of the di-
mensions of all the possible codes obtained by considering g
positions among the encoded bits v and h positions among the
encoded bits . It can be computed by performing the summa-

tion of the ranks of the ( |;| ) ( |Z ) submatrices obtained by

selecting g columns in G and h columns in G;. Note that the
equality I(V;; E;) = I(V;; Y, Wy;)), proved in [31, Proposition
1], remains valid (under MAP decoding) over channels other
than the BEC.

We refer to this decoding model in order to describe and
analyze each generalized CN and each generalized VN of a
D-GLDPC code. Within the context of GLDPC and D-GLDPC
codes, the communication channel is the channel over which the
encoded bits of the overall code are transmitted, while the ex-
trinsic channel represents a model for the channel over which
the messages are exchanged between variable and check nodes,
during the iterative decoding process. Coherently with the the
description of the decoding algorithm presented in the previous
section, if the communication channel is a BEC, then also the
extrinsic channel can be modeled as a BEC.

A. EXIT Function for the Variable Nodes Over the BEC

The generic VN (either repetition or generalized), repre-
senting an (n, k) linear block code, receives its & information
bits from the communication channel, and interfaces with the
extrinsic channel through its n encoded bits. For this reason,
for a VN the encoder 1 is represented by the identity mapping
z = u (i.e., Gy ~ I;) and the encoder 2 performs the linear
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mapping ¥ = Gu (i.e., G2 = G), where G is the generator
matrix chosen to represent the (n, k) linear block code. In this
case it results || = k and |v| = n. Thus, the (n, k) VN may be
interpreted as a (n + k, k) code whose generator matrix is in the
form [G| I}], and its EXIT function over the BEC is given by
(1), with the encoder 1 being the identity mapping £ = u and
the encoder 2 being the linear mapping v = Gu. This EXIT
function can be equivalently expressed by:

1 n—1 k
Ie(pg)=1-—3 > p'(1-p)" "t (1-9)""
t=0 z=0
X [(n - t)én—t,k—z - (t + l)én—t—l,k—z] (2)

which can be easily obtained from (1) by performing the substi-
tutions t = n — g and z = k — h. Expressions (1) and (2) are
valid under the hypothesis of MAP erasure decoding. If applied
to a (m, 1) repetition code, (2) leads to Ig(p,q) = 1 — qp" 1,
i.e., to the well known expression of the EXIT function for a
degree-n VN of an LDPC code over the BEC.

We observe that the split information functions are not uni-
vocal for a given (n, k) generalized VN and depend on the spe-
cific representation chosen for its generator matrix G. This can
be justified as follows. Different generator matrices correspond
to different mappings of vectors u’s to vectors v’s. Hence, for
a given information vector u, a generator matrix G’ leads to a
codeword [v'|u] for the (n+k, k) code with split encoder, while
a generator matrix G leads to a different codeword [v”'|u], thus
generating a different code book. As a consequence, the EXIT
function for a (n, k) linear block code when used as a VN of
a D-GLDPC code, depends on the generator matrix representa-
tion chosen for the code. This fact does not hold for repetition
codes (i.e., for the traditional VNs of LDPC and GLDPC codes),
for which only one code representation is possible. Then, an im-
portant difference between VNs represented by repetition codes
and generalized (n, k) VNs of a D-GLDPC code (with & > 1)
is that, in the latter case, different representations of the gener-
ator matrix G are possible. These different VN representations
correspond to different performances of the overall D-GLDPC
codes. Therefore, two generalized VNs associated with different
representations of the same linear block code shall be consid-
ered to belong to different variable component code types. The
code representation for the generalized VNs becomes a degree
of freedom for the code design.

B. EXIT Function for the Check Nodes Over the BEC

For a CN (either SPC or generalized), no communication
channel is present. Moreover, any CN representing an (n, k)
linear block code interfaces with the extrinsic channel through
its n encoded bits. Then, the encoder 1 is not present, while the
encoder 2 performs the linear mapping v = Gu, where G is
one of the several possible generator matrix representations for
the (n, k) linear block code. It follows that |v| = n. This model
is the same as that proposed in [31, Sec. VII-A].

The EXIT function of a generic (n, k) CN of a D-GLDPC
code on the BEC can be obtained by letting ¢ — 1 in (2) (no
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communication channel is present). The obtained expression,
equivalent to [31, eq. 40], is

vl

> I(Vi E)

i=1

1 vl

= o 2= (VW)
i=1

A 1

IE(P) = m

n—1

1
S 1= 2y -
n
t=0
X [(n—1t)én—t— (t+ 1)én—t—1] 3)
where, for ¢ = 0,...,n,¢€, is the gth (un-normalized) infor-

mation function [33]. It is defined as the summation of the di-
mensions of all the possible codes obtained by considering g
positions in the code block v of length n. This parameter can be

computed by performing the summation of the ranks of the ( Z )

submatrices obtained by selecting g columns in G.

As (2), (3) assumes that erasures are corrected at the CN ac-
cording to MAP decoding. If applied to a (n,n — 1) SPC code,
(3) leads to the expression of the EXIT function on the BEC for
a degree-n CN of an LDPC code, i.e., Ig(p) = (1 —p)"~ L.

Since the code book of a linear block code is independent of
the choice of its generator matrix, different code representations
have the same information function. Thus, different code repre-
sentations for a generalized CN lead to the same EXIT function.
This means that, differently from what happens for the gener-
alized VNS, the performance of a GLDPC or D-GLDPC code
is independent of the specific representation of its generalized
CNs.

C. Bounded-Distance EXIT Functions

Decoding algorithms less powerful than MAP decoding, but
having a reduced complexity, may be used at the generalized
variable and check nodes. In these cases, different expressions
of the EXIT function must be considered. For example, con-
sider a generalized (n, k) CN, and assume that erasure recovery
is performed according to the following bounded-distance de-
coding strategy, referred to as d-bounded-distance decoding: “if
the number of received erasures from the extrinsic channel is
less than or equal to d, execute MAP decoding, otherwise de-
clare a decoding failure”.

Theorem 1: If the extrinsic channel is a BEC with erasure
probability p, then the EXIT function for a generalized (n, k)
CN without idle bits, under d-bounded-distance decoding, is
given by

d—1

To(p) =1 = 31— p)""'p![(n 1)

n—1

Xep_t—(t+1)€n_t—1]— Z(l _p)n—t—lpt (TL ; 1) @

t=d
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Proof: See Appendix 1. O

A nontrivial consequence of Theorem 1 is that, over the
BEC, the equality I(V;; E;) = I(Vi;Wy;)) remains valid if
d-bounded-distance decoding is employed instead of MAP
decoding. In fact, it is readily shown that (4) can be obtained
both from I = I(V;; Wy;)) and from I = I(V;; E;).

Example 1: In [18, Table 2], some thresholds on the BEC
are presented for GLDPC codes with a uniform CN structure,
composed of narrow-sense binary BCH codes. These thresh-
olds have been evaluated through density evolution, assuming
d-bounded-distance decoding at the CNs, with d = dp,;, — 1
The same thresholds can also be obtained through an EXIT chart
approach exploiting (4) for the BCH codes, with d = di, — 1

IV. RANDOM COMPONENT CODE HYPOTHESIS

A. Definitions

Consider a D-GLDPC code with n/, variable component code
types and n. check component code types. Any type-t vari-
able node (¢t € {1,...,n,}) has EXIT function over the BEC

J(E)V (p, q) (corresponding to a specific code representation),
and is assumed to have no idle components. Analogously, any
type-t CN (¢t € {1,..., n’}) has EXIT function IgE)C( ), and is
assumed to have no 1dle components. Variable and check nodes
are assumed to be randomly connected through an edge inter-
leaver. The fraction of edges incident on the variable nodes of
type ¢ is denoted by A} fort € {1, ..., n! }), and the fraction of
edges incident on the CNs of type ¢ by pyfort € {1,..., n’}.
Then, the EXIT functions of the VN set and CN set are glven by

n

Iev(p,q) = Z)\' W (n.a )

and

TL

Z T (©)

respectively. The relationships (5) and (6) can be obtained by
reasoning in the same way as in [31, Example 7] for the EXIT
functions of the variable and check node sets of an irregular
LDPC code.

Igc(p

Definition 1 (Independent Set and Independent Column):
Given a (k x n) binary matrix of rank r, a set of ¢ columns
is called an independent set* when removing these ¢ columns
from the matrix leads to a (k x (n — t)) matrix with rank
r — Ar < r, for some 0 < Ar < t. The number ¢ is the size
of the independent set. An independent set of size ¢ = 1 is
also called an independent column. An independent column is
linearly independent of all the other columns of the matrix.

If j columns form an independent set for a (k x n) binary
matrix M of rank r, then they form an independent set for any
(k xn) matrix obtained by summing to any row of M other rows
of M. Moreover, removing these columns from any such matrix

4We prefer to use the expression “independent set” even if there may exist
columns in the set that are not linearly independent of the other columns in the
matrix. As commented by one of the Reviewers, the expression “independent
set” is intended here as “not fully dependent set”.
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leads to the same rank reduction Ar. This is because such op-
erations performed on M cannot alter the rank of M or of sub-
matrices composed of columns of M. Hence, if j columns form
an independent set for a generator matrix of a linear block code,
then they form an independent set for any other generator matrix
of the same code. Moreover, removing these columns from any
representation of the generator matrix leads to the same rank re-
duction.

Definition 2 (Expurgated Ensemble of (k X n) Matrices): Let
M) denote the ensemble of all the (k x n) binary matrices.
Moreover, for k < n let G("-*) denote the ensemble of all the
(k X n) binary matrices of rank k, that is the ensemble of all the
(k x n) binary matrices representing binary linear block codes
of length n and dimension k. We define expurgated ensemble
of (k x n) generator matrices the ensemble g™k ¢ gtk
M:F) of all the (k x m) binary matrices with rank &, without
all-zero columns and without independent columns.

Definition 3 (Random Component Code Hypothesis): A
D-GLDPC code ensemble is said to fulfill the random com-
ponent code hypothesis when the two following conditions
hold: 1) any variable component code is a random linear block
code whose generator matrix is randomly chosen, with uniform
probability, from the expurgated ensemble gi”””, where n and
k are the length and the dimension of the variable component
code, respectively; 2) any check component code is a random
linear block code whose generator matrix is randomly chosen,
with uniform probability, from the expurgated ensemble gi"”“),
where n and k are the length and the dimension of the check
component code, respectively.

Let us consider a D-GLDPC ensemble fulfilling the random
component code hypothesis. Assume the VN set is parti-
tioned into a number n, of subsets, where the 7th subset
(1 € {1,...,n,}) is the ensemble of all the VNs whose gen-
erator matrix is randomly drawn from Qin“k’), for the same
n; and k;. Similarly, assume the CN set is partitioned into a
number n.. of subsets, where the ith subset (i € {1,...,n.})is
the ensemble of all the CNs whose generator matrix is randomly
drawn from Q,Eni k7), for the same n; and k;. Furthermore, let us
denote by JA; the fraction of edges incident on VNs belonging
to the sth such subset of the VN set, and by p; the fraction
of edges incident on CNs belonging to the sth such subset of
the CN set. Let E[Ig v (p, ¢)] and E[Ig c(p)] be the expected
EXIT functions of the variable and check node set, respectively.
From (5) and (6) we have

n

Ellgv(p,q)] =E Z)‘I EVp7
- Z& Egeer |IEv 0] @
Zptl(t)

—Zpl

E[lg.c(p

o [0 ®



PAOLINI et al.: GENERALIZED AND DOUBLY GENERALIZED LDPC CODES

In (7), Eg(vzi.l\'i)[lg)‘y(p )]z € {1,...,m,}) is the expected

EXIT function over Q(m *) for a VN whose generator matrix is
randomly drawn from G," k) Note that, if k; = 1 (repetition

code), expectation may be omitted. In (8), E .« >[IS?C ()]

(i € {1,...,n.}) is the expected EXIT functlon over G k)
fo(r ak ?N whose generator matrix is randomly drawn from

The reason for an expurgated ensemble G\"**) of (k x n)
generator matrices, instead of either the ensemble G(F) of all
the possible (k x n) binary matrices with rank & or the ensemble
MF) of all the (k x n) binary matrices, is to ensure a correct

application of the EXIT chart analysis, as explained next.

Theorem 2: For a D-GLDPC ensemble fulfilling the random
component code hypothesis, the following relationships hold:
;i_r)% Ellev(p,g] =1 VYq €(0,1) ©)
lir% E[lgc(p) =1 (10)
pP—
lirn1 E[lg,c(p)] = 0. (11)
pP—
Proof: Since we have > =, A; = land >, p; = 1,

it follows from (7) and (8) that (9) and (10) are satisfied if the
following properties hold:

hm [E,( k) [I](E)V(p Ql=1 Vg €(0,1)

Vie{l,...,n,} (12)
lim E . 9o =1 Vie{l,....n}. (13)
p—)
Analogously, (11) is satisfied if
lim E oinl[@e(p)] =0 Vie{l,...,n}. (14
p— Yy ’

To prove (12) it is sufficient to show that for all (n,k)
with & < n, for any binary matrix in 6{"™" we have
limyo E e [Ie(p,q)] = 1Vq € (0,1), where Ig(p,q)
is given by (2). Moreover, to prove (13) and (14) it is suffi-
cient to show that for all (n,k) with k& < n, for any binary
matrix in G{"*) we have lim,_o Egem[Ie(p)] = 1 and
limy.1 E e [IE(p)] = 0, respectively, where I (p) is given
by (3). C0n51der at first a check component code. From (3) it
follows

lim Ig(p)=1-— <én — en_1> .
p—0

n

Then, the desired property lim,_,o [g(p) = 1 is guaranteed by
the equality né,, = é,_1. This equality is satisfied when the
(k x n) generator matrix G of the check component code is
full-rank (rank(G) = k), and when the (k x (n — 1)) matrix
obtained by removing any column from G is full rank. In fact,
in this case both sides of the previous equality are equal to k 7.
By reasoning in the same way, it is readily shown from (3) that

lilri Ig(p)=1—-¢é1/n.
p—
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Then, lim,,_,1 I(p) = 0 when é; = n, i.e., when the generator
matrix of the check component code has no all-zero columns.
This is equivalent to assume that the component code has no
idle bits, an hypothesis already implicitly considered in (3). We
conclude that (13) and (14) (and then (10) and (11)) are satisfied
if the generator matrix of the generic check component code is
full rank, has no independent columns, and has no zero columns.
Consider a variable component code. From (2):

k .
. — ~ €n—1,k—z
lim Ig(p,q) =1 — =) ey, — —2E22 )
lim Ig(p, q) ;::Oq (1—-4q) ( & )

n

Ifné,n = é,_1pforh =0,...,k, thenlim,_,o Ir(p,q) =

1Vq € (0,1). This is always true when the (k X n) gen-
erator matrix G of the variable component code is full rank
(rank(G) = k) and has no independent columns. In fact, in

this case né,,, = €p—1,n = (, )n k. The constraint that the

)
h

generator matrix has no zero columns must be also considered,
since it is a key hypothesis for the validity of (1). We conclude
that (12) (and then (9)) is satisfied if the generator matrix of the
generic variable component code is full rank, has no indepen-

dent columns, and has no zero columns. O

Our aim is to perform a D-GLDPC code threshold analysis
through an EXIT chart approach, using the expected EXIT func-
tions expressed by (7) and (8). To apply EXIT chart analysis, we
require that the conditions (9), (10) and (11) are satisfied. Condi-
tions (9) and (10) guarantee that, for both the VN set and the CN
set, the outcoming average extrinsic information is equal to 1
(i.e., it assumes its maximum value) when the extrinsic channel
in Fig. 2 is noiseless. Condition (11) guarantees a zero average
extrinsic information outcoming from the CN set when the ex-
trinsic channel is the useless channel. Theorem 2 ensures ful-
filling of (9), (10) and (11) when the generator matrix of each
VN and CN is drawn from Q* k) (for proper values of n and k).
On the other hand, it is readily shown that the above conditions
would not be satisfied for generator matrices randomly drawn
from M™% or G(**) instead of G™F)

B. Further Characterization of an’k)

The expurgated ensemble g*"”“) is obtained by removing
from G(™*) those matrices either with all-zero columns or
with independent columns. Next, we show that removing from
G(™*) the (k x n) matrices with independent columns is
equivalent to removing from G(™*¥) those matrices representing
(n, k) codes with minimum distance 1.

Lemma I: Let us consider an (n, k) binary linear block code,
and let G be any representation of its generator matrix. If G has
an independent set of size j, then the code minimum distance
satisfies din < J.

Proof: Let us suppose that j columns of G form an in-
dependent set of size j. For j < n — k, consider the (k x
(n — 7)) matrix obtained by removing the j columns forming
the independent set.> Since the rank of this matrix is less than

SFor j > n — k the lemma is a straightforward consequence of the Singleton
bound d i, < n—k 4+ 1.
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G: k

e el n—j )

independent set row

of size j summations

« A 0

G’
k—« B C
J n—j

Fig. 3. Two representations of the generator matrix of a linear block code,
whose first 7 columns form an independent set of size j.

rank(G) = £k, it is possible to obtain « all-zero rows by row
additions only, o > 1. Applying the same row additions to G
provides a new generator matrix representation, that we denote
by G’, where these a rows® have all their 1’s lying only in the
columns of the independent set (see for example Fig. 3, where
the first j columns are assumed to form an independent set, and
where A, B and C are nonzero matrices). Any of these o rows
is a valid codeword, so that d,;, < j. O

Lemma 2: Let us consider an (n, k) binary linear block code,
and let G be any representation of its generator matrix. Then,
the following statements are equivalent:

a) the code has minimum distance ¢;

b) the minimum size of the independent sets of G is .

Proof: [a = b] If dp;, = t, then it is possible to con-
struct a representation of G where there is at least one row with
exactly ¢ 1’s. The columns of G corresponding to these ¢ 1’s are
an independent set (of size t), because removing them from G
leads to a reduction of the rank. This independent set must be
of minimum size. In fact, if it existed an independent set of size
j < t, then from Lemma 1 it would follow d,;, < ¢, thus vio-
lating the hypothesis dnin, = t.

[b = a] Let us suppose that the minimum size of the inde-
pendent sets of G is t, and let us consider an independent set
of size t. From Lemma 1 it follows that d;,, < t. The proof is
completed by showing that it is not possible to have d;, < .
In fact, if diwin, = j < t then, by reasoning in the same way as
for the [a = b] proof, it would follow that the minimum size of
the independent sets of G is j < t, which violates the hypoth-
esis. O

Theorem 3: The ensemble Qﬁ"’k) is the ensemble of all the
(k x n) binary matrices that represent (n, k) linear block codes
without idle bits and with minimum distance at least 2.

6Even if not essential for the proof, we observe that & < j, which can be
readily shown as follows. Let M be the matrix obtained by removing the j
columns forming the independent set. Then: rank(M) > k — j (as removing
j columns can reduce the rank at most by j) and rank(M) < k — a (as M
has k — a nonzero rows, not necessarily linearly independent). The inequality
a < j follows.
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Proof: Let us consider an (n, k) binary linear block code
C without idle bits and with d,,;, > 2, and let G be any gener-
ator matrix of C. First, as G € G(™*)_ we have rank(G) = k.
Second, as the code has no idle bits, G has no all-zero columns.
Third, it follows from Lemma 2 that the minimum size of an
independent set of G is at least 2, so that G has no indepen-
dent columns. Therefore G € Q,En’k). Conversely, any matrix
G e g"M represents a linear block code C of length n and
dimension & without idle bits. In fact, we have Q,E"’k) e g(nk)
and @G has no all-zero columns. Moreover, since G has no inde-
pendent columns, we have from Lemma 2 that C has minimum
distance at least 2. O

It follows from (3) that the problem of evaluating the expected
EXIT function on 6™ for an (n, k) CN over the BEC can be
completely solved by evaluating the expected information func-
tions on Qﬁn’k) . Similarly, it follows from (2) that the problem of
evaluating the expected EXIT function on G{™*) for an (n, k)
VN over the BEC can be completely solved by evaluating the
expected split information functions on Q,&"’k). These two prob-
lems are addressed in Sections V and VI, respectively.

V. EXPECTED INFORMATION FUNCTIONS COMPUTATION

In this section, we present an approach to compute the ex-
pected values of the information functions for any random (n, k)
linear block code, where the expectation is over the expurgated
ensemble gi”"’“) of all the (n, k) generator matrices representing
codes with minimum distance at least 2. The method is based on
some recursive formulas that allow to compute the exact number
of binary matrices with specific properties.

Let G be arandom generator matrix from g,ﬁ"”“) ,andlet S, be
a submatrix of G obtained selecting g columns. The expectation
of ¢, can be developed as

|Eg(*n,.lc) [éq] = |Eg(*n.k) Zrank(sg)
Sy

Y Egenn [rank(s,)]
Sg

<"> Egen ank(Sp)]  (15)

g M
where the last equality is due to the fact that, for random
. . (n’k) . .

matrices in G, "/, the expectation of the rank when selecting
g columns is independent of the specific selected columns.
Without loss of generality, in the following we assume that S,
in (15) is the submatrix composed of the first g columns of G.
The expectation of rank(S,) in (15) can be further developed
as

min{k,g}
Egenm [rank(Sy)] = Z uPr{rank(S,) = u}
u=1
_ mhf’g} K(kngwh) o
- u=1 J(k7 n, k)

where the summation in « is from « = 1 and not from u = 0 be-
cause Sy has no zero columns by hypothesis. In (16), we denote
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by J(m,n,r) the number of rank-r (m x n) binary matrices
without zero columns, and such that removing any column does
not reduce the rank (i.e., with no independent columns). Ac-
cording to Definition 2, we have

J(k,n, k) = |G

The function K (m,n, g, u,r) represents the number of rank-r
(m x n) binary matrices without zero columns, without inde-
pendent columns, and such that the first g columns have rank .
Forany 1 < g < n, we have

min{k,g}

Z K(m,n,g,u,r) =

u=1

J(m,n,r). (17)

Next we develop recursive formulas for computing J( -) and
K(-). Even if J(-) can be expressed in terms of K(-) ac-
cording to (17), an independent recursive formula for J( -) is
presented. In this section and in the next section, we often use
the following well-known result [35].

Lemma 3: The number of rank-r (m X n) binary matrices,
denoted by N(m,n, r), is given by

— 21 (2" — 23’)
(2r —21)

mnr

||:j

A. Computation of J(m,n,r)

The number J(m,n,r) of rank-r (m x n) binary matrices
without zero columns and without independent columns may be
computed as the difference between the total number F'(m, n, )
of rank-r (m X n) binary matrices without zero columns and the
number of such matrices with at least one independent column.

Lemma 4: Let F'(m,n,r) be the number of rank-r (m X n)
binary matrices without zero columns. Then

(m,n,r) — z_:l (Z) F(m

F(m,n,r)=N

,n— z,T).
(18)

Proof: See Appendix II. O

For completeness of the recursion (18) it must be imposed

F(m,n,1) = 2™ — 1, and F(m,n,r) = 0 when at least one

of the following conditions is true: m < 0,n < 0,r < 0,7 >
min{m,n}.

Theorem 4: The function J( -) can be recursively evaluated
according to

J(m,n,r)
r 7—1
= F(m,n,r) — Z <n> lH(T” — 27)] 9i(r=37)
- N S
x J(m — j,n— j,r— j). (19)
Proof: See Appendix II. O

For completeness of the recursion (19) it must be imposed
J(m,n,1) = 2™ — 1, and J(m,n,r) = 0 when at least one
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of the following conditions is true: m < 0,n < 0,r < 0,7 >
min{m, n}.

B. Computation of K(m,n,g,u,r)

In order to develop a formula for computing the number
K(m,n,g,u,r) of rank-r binary (rn X n) matrices without
zero columns, without independent columns, and such that the
first g columns have rank equal to u, we use a method analogous
to that one used for the function J( - ). Let M (m,n, g, u,r) be
the number of rank-r binary (m x n) matrices without zero
columns and such that the first g columns have rank equal to
uw. Then K(m,n,g,u,r) is equal to the difference between
M(m,n,g,u,r) and the number of such matrices with at least
one independent column.

Lemma 5: Let T'(m, n) be the total number of (m x n) binary
matrices without zero columns, i.e.

min{m,n}

T(m,n) = Z F(m,n,r)
r=1
and let by definition
T(m,0) = 1.
Then:
M(m,n,g,u,r)
= F(m,g,u) zs: <n ; g) T(u,z)24n=972)
xF(m—uZ;LO—g—z,r—u). (20)
Proof: See Appendix II. O

For completeness of the recursion (20), we must impose
M(m,n,g,u,r) = 0 if one of the following conditions is
true: m < 0,n < 0,u < 0,7 < 0,9 < 0,9 > n,u >
min{m, g}, > min{m,n},r —u > min{n —g,m —u},u >
r{g > 0,u = 0},{g = O,u > 0},{g = n,u # r},{m =
n,r = m,g # u}. Special cases are:

M(m,n,0,0,7) = F(m,n,r)
M(m,n,n,r,r)=F(m,n,r)

M(m,n,g,m,7) = F(m, g,m)T(m,n — g)
M(m,n,g,r,7) = F(m,g,7)(2" = 1)"79 ifn>g.

Theorem 5: The function K ( - ) can be recursively evaluated
according to

K(m7n7g7u7 ,r)
= M(m7n7g7u7/r)
r—1 min{u,j} p j—1
_ m _ 9i j(r—3)
Yy (1) () e )
J 1=0
x K(m—j,n—j,g—lLu—1r—7j). 21
Proof: See Appendix II. O



1660 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 4, APRIL 2010
0.4 T T
03|
S)
m 02}
~
dmin = 2
0.1 . BCH (dmin = 5) i
dmin = 3
0 | 1
0.45 0.5 0.55 06 0.65
I
Fig. 4. EXIT functions of a (31, 21) code with d..in = 2, a(31,21) code with dynin = 3 and the (31,21) narrow-sense binary BCH code (dmin = 5). Dashed

line: Average EXIT function over g(fl"m.

For completeness of the recursion (21), we must impose
K(m,n,g,u,r) = 0 in the same cases where M(m,n, g,u,r)
is set to 0. Special cases are

K(m,n,0,0,r) = J(m,n,r)

K(m,n,n,r,r) = J(m,n,r)
K(m,n,g,1,1)=2" -1 if{g>0,n> g}
K(m,m,g,9,m) = F(m,m,m) ifl<g<m.

In summary, for some k and n, £+ [€4] can be computed
from (15) and (16), where J(-) is obtained recursively from
(19), and K ( -) is obtained recursively from (21).

Example 2: In Fig. 4, a detail of the EXIT function on the
BEC for three binary (31,21) linear block codes (solid lines)
is depicted, as a function of the a priori mutual information
I4 =1 — p, for 14 ranging between 0.45 and 0.65. The min-
imum distances for the three codes are 2,3, and 5, where the
dmin = 5 code is the (31, 21) narrow-sense binary BCH code.
The other two codes were randomly generated. For each of the
three codes, the EXIT function has been evaluated by first com-
puting the information functions ¢, (which is still feasible for
(31,21) codes, even if time consuming), and then applying (3).
In the same figure, the dashed line is the expected EXIT func-
tion on g£31*21 , evaluated by first computing the expected infor-
mation functions IEgi31,21) [é4] according to (15), (16), (19) and
(21), and then applying (3). The match between the solid curves
and the dashed curve in Fig. 4 is quite good, despite the moder-
ately short codeword length (n = 31). This fact indicates that
the expected EXIT function can be confidently used, instead of
the exact EXIT function, for longer component codes for which
the information functions remain unknown.

VI. EXPECTED SPLIT INFORMATION FUNCTIONS COMPUTATION

In this section, the technique for the evaluation of the ex-
pected information functions over Qﬁ"’k), presented in the pre-
vious section, is extended to the split information functions.

Let G be a (k x n) binary matrix from G{"") and let Sg.n
be a submatrix of [G| I;] obtained by selecting g columns in G
and A columns in Ij,. Then:

EQSH,I\-)[égvh] = [Eggn,k) Z rank(ngh)

Sy .h
= Z Egnr) [rank(Sg,n)]
Soon ‘
— (") (5)E k(S
=g/ \n)Fatrm [rank(Syn)]. (22)

The last equality is due to the fact that, for matrices in Qi"’k),

the expectation of the rank when selecting g columns in G and h
columns in I}, is independent of the specific selected columns.
Thus, S 1, in (22) can be in principle any such submatrix.
Without loss of generality, we assume that S, 5, in (22) is the
submatrix composed of the last g columns of G, and the first &
columns of I}, (see Fig. 5). The probability Pr {rank(S, 1) =
u} that, for arandomly chosen matrix G in Qﬁn’k), the submatrix
Sg.1 has rank u, can be expressed as the number of matrices in
Qﬁn’k) for which this property holds divided by the total number
of matrices in gff””“). Itis clear from Fig. 5 that rank(S, ) > h.
In fact, the last A columns of this submatrix, i.e., the first A
columns of Iy, are linearly independent. Moreover, in order to
have rank(S, ) = wu, it is necessary and sufficient that the
((k = h) x g) submatrix T' in Fig. 5 has rank « — h. Hence,
the binary matrices G € gi"”“) leading to rank(S, 5) = u, are
those for which rank(I') = u — h. Equivalently, they are those
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h
k—nh T
g h
N— —
Sg.h

Fig.5. Definition of the submatrix S, ;, for the evaluation of the expected split
information functions.

for which the submatrix intersection of the first g columns and
the first & — h rows of G has rank « — h (since I may in principle
be any intersection of k — h rows and g columns of G).

Then, the expectation of rank(S, 5) in (22) can be further
developed as

[Eggn,m [rank(S, )]
min{k,g+h}

u=h
min{k,g+h}

-y

u=h

uPr{rank(S, 1) = u}

K(k7n7.q7k_ h7u_
J(k,n, k)

h,k)

(23)

where K (m,n,a,b,t,r) represents the number of rank-r (m x
n) binary matrices without zero columns, without independent
columns, and such that the submatrix intersection of the first
a columns and first b rows has rank ¢. Note that the function

K(-) is a generalization of the function K () investigated in
the previous section. In fact, we have

K(m7 n7 g? u7 T) = K(m7 n7 g? m? u? T)-

In the following, a technique for the computation of K (-) is
derived.

A. Computation of f((m, n,a,b,t,1)

Let K(m,n,a,b,t,u,r) be the number of rank-r (m X n)
binary matrices without zero columns, without independent
columns, such that the submatrix intersection of the first a
columns and b rows has rank ¢, and such that the submatrix
composed of the first a columns has rank . The function K ()
can be expressed in terms of K'( -), as

min{m,a}
Z IA((m./n,a7 b, t,u,r).

u=1

K(m,n,a,b,t,r) = (24)

The technique for the evaluation of K(-) is based on a
recursive formula developed for K (-), and presented in
the next subsection. For some (m,n,a,b,t,r), the ex-
pression for K(m,n,a,b,t,u,r) is first evaluated for all
u € {1,...,min{m, a}} and then K (m,n,a,b,t,r) is com-
puted according to (24).

B. Computation off((m, n,a,b,t,u,r)

In this section a recursion for the computation of
K(m,n,a,b,t,u,r) is developed.
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Lemma 6: Let N(m, n, p, t,7) be the number of rank-r (m x
n) binary matrices, such that the rank of the first p rows is ¢.
Then

N(m,n,p,t, ’I“)

— 9t(m—p) H

r—

_21 2n_2j)
t_9j

(25)

= 2’”1)—21)(2”4—23')
e

Proof: See Appendix III. O

The function N(-) is set to 0 if at least one of the fol-
lowing conditions is true: m < 0,n < 0,p < 0,r < 0,1 <
0,t > rp >mdp = 0,t>0}{p =mt#r}r >
min{m,n},t > min{p,n}. Particular cases are

~ B r—1 (2m _ 2])(271 _ 2])
Hmmmnn = =0 (27— 29) )

Lemma 7: Let ﬁ(m, n,p, t,r) be the number of rank-r (rm x
n) binary matrices, such that the rank of the first p rows is ¢, and
without zero columns. Then

F(m,n,p,t,r) = N(m,n,p,t,r)
—Z( )an—zptr) (26)
Proof: See Appendix III. O

For completeness of the recursion (26), we must impose
F(m,n,p,t,r) = 0 in the same cases where N (m,n, p,t,7) is
set to 0, or when r = 0. Special cases are:

F(m7 77’7 p? 07 /r)

F(m,n,m,r, T)

:F(m—pﬂl,r)
=F(m,n,r).

Lemma 8: Let M(m, n,a,b,t, u, ) be the number of rank-r
(m x m) binary matrices without zero columns, such that the
submatrix intersection of the first a columns and the first b rows
has rank ¢, and such that the submatrix composed of the first a
columns has rank . Then

M(m,n,a,b,t,u,r)

(n—a)—(r—u)
:F(m,a,b,t,u) Z (n;a)

z=0
X T(u, z) gu(n—a=2)
X F(m—u,n—a—z,1r—u) 27
where T'(m, n) is defined as in Lemma 5.
Proof: See Appendix III. O

_For completeness of the recursion (27), we must impose
M(m,n,a,b,t,u,r) = 0 if at least one of the following
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conditions is true: m < 0,n < 0,a < 0,b < 0,r <
0,4 < 0,u < 0,8 > rt > uw,u > r,a > n,b > m,
r > min{m,n}}, ¢ > min{a,b},u > min{m,a},
{a = 0,t > 0},{b = 0,t > 0},{a = 0,u > 0},{a =
nyu #Z rh{b =m,t # u},{a = n,b = m,t # r}. Special
cases are:

M(m,n707b,0,0 r)=F(m,n,r)
M(m,n,n,m,r,r r)= F(mnr)
M(m,n,n,b,t,r,r) = F(m,n,b,t,r) ifb<m
M(m,n,a,m,u,u r)=M(m,n,a,u,r) ifa<n
M(m7n,a7b,t,u7u) F(m,a,b,t,u)T(u,n — a).

Lemma 9: Let G(m,j,1,b,v,6) be the number of rank-j
(m x j) binary matrices (necessarily without zero columns),
such that the submatrix intersection of the first [ columns and
the first b rows has rank -, and such that the submatrix com-
posed of the first b rows has rank §. Then

G(m7j7 l*, b; 77 6) = 21(j_l)

X F(m,1,b,y, ) F(m =1, —1,b—~,6 —~,j —1). (28)

Proof: See Appendix III. O

The function G(-) is set to 0 when at least one of the fol-
lowing conditions is true: m < 0,5 < 0,1 < 0,b < 0,m < 7,
~v > min{b,{},6 > min{b,j},{b = 0,7 > 0},{b = 0,6 >
0}, {l=34,0>0,6 #~},{l = 0,7 > 0}. Special cases are:

ifb>0

G(m, 4,0,b,0,8) = F(m, j,b,6, )
F ifb>0

G(m7j7j7b7676>: (m7j7b767j)

7j—1
G(m,3,1,0,0,0) = [J (2™ - 27).
i=0

Theorem 6: Let K (m,n, a,b,t,u,r) be the number of rank-r
(m X n) binary matrices without zero columns, without inde-
pendent columns, such that the submatrix intersection of the
first @ columns and b rows has rank ¢, and such that the sub-
matrix composed of the first a columns has rank u. Let vy, =
min{b, [}, dmax = min{b, 7} and ppax = min{b—6,a — 1, ¢t —
~}. Then, K (m,n, a,b,t,u,r) can be recursively evaluated ac-
cording to (29)

k(m'/ n? a7 b'/ t? u? /r)
= M(m,n,a,b,t,u,r)

SE6) ()
j=11=0 ! g1
Ymax Smax

x S°% Glm,ji1,b,y,6) 20 DU=6=)
v=0 6=~
Pmax

X2
p=0

([A((m_j7n_j7a_l7b_67p7u_l7T_j)
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t—y—p—I

< 11
p=0

« 2«rj>(uzp»wno>,

(2677 _ 2i)(2uflfp _ 2L)
Qt—y—p _ i

(29)

Proof: See Appendix III. O

For completeness of the recursion (29), we must im-
pose K(m,n,a,b,t,u,r) = 0, in the same cases where
M(m,n,a,b,t,u,r) is set to 0. Special cases are:

K(m,n,0,b,0,0,r) =
K(m,n,n,m,r,r,r) =
K(m,n,a,0,0,u,7) =

K(m,n,a,m,u,u,r) =

J(m,n,r)
J(m,n,r)

K(m7 n‘/ a? u7 /r)

—_ — ~— ~—

K(m,n,a,u,r).

Example 3: In Fig. 6 the EXIT function on the BEC
of a (16,8) VN, with generator matrix randomly chosen
from g£16’8), is compared with the expected EXIT func-
tion over gilﬁ’s), computed according to (22), (23), (19),
(24) and (29). The two EXIT functions are compared for
q € {0.2,0.4,0.6,0.8,1.0}, where the ¢ = 1 case corresponds
to the code used as a CN. Despite the short codeword length
(n = 16), the ensemble average confidently approximates the
EXIT function of the specific code, for all values of q. The
expected EXIT function can be confidently used, instead of
the exact EXIT function, for variable component codes with
a random representation’ for which the information functions
remain unknown.

VII. NUMERICAL RESULTS

In this section, some numerical results about GLDPC and
D-GLDPC codes on the BEC are presented. These results are
obtained by exploiting the technique for the evaluation of the
expected CN set and VN set EXIT functions, under the random
component code hypothesis. Section VII-A is focused on nonca-
pacity-approaching GLDPC codes with a uniform CN structure,
composed only of generalized CNs, and with a VN set com-
posed of length-2 repetition codes (i.e., the GLDPC codes con-
sidered for instance in [13], [14], [18]). It is shown that for this
class of codes, choosing check component codes with a poor
minimum distance may be favorable from a threshold viewpoint
with respect to (w.r.t.) the choice of good minimum distance
component codes. Section VII-B moves to consider GLDPC
codes with a hybrid CN structure and an irregular VN set. It
is provided evidence that, in this case, check component codes
with good minimum distance properties are a good choice from
a decoding threshold point of view. It is also shown that the use
of generalized CNs can improve the threshold of standard LDPC

TFor some linear block codes used as VNs, the EXIT function associated with
a certain representation may be quite different from the EXIT function asso-
ciated with another representation (an example may be found in [34] for SPC
VNs). In general, the developed approach allows to match tightly the EXIT func-
tion of generalized VNs under a random representation.
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Fig. 6. Comparison between the EXIT function of a (16, 8) variable node, with generator matrix randomly chosen from G (16-8) (s0lid), and the expected EXIT

function over G{'®®) (dotted), for ¢ € {0.2,0.4,0.6,0.8,1.0}.

capacity-approaching distributions. Finally, in Section VII.C ca-
pacity-approaching D-GLDPC codes are compared to capacity-
approaching LDPC and GLDPC codes, in terms of both asymp-
totic threshold and finite length performance of long random
codes. The obtained results reveal that random D-GLDPC codes
can outperform standard LDPC codes and GLDPC codes in
terms of asymptotic threshold, waterfall performance and error
floor.

A. GLDPC Codes With Uniform Check Node Structure

Let us consider a GLDPC code with (31, 21) BCH codes as
CNs and length-2 repetition codes as VNs. The code rate is
R = 0.35484, corresponding to a Shannon limit over the BEC
equal to 1 — R = 0.64516. Let us assume d-bounded distance
decoding (see Section III-C) at the BCH CNs. The GLDPC
code threshold can be evaluated with the EXIT chart based on
(4), by numerically evaluating the (31, 21) BCH code informa-
tion functions. The EXIT functions for d € {4,7,10,31} are
depicted in Fig. 7 (solid curves) as a function of the extrinsic
channel erasure probability p. The corresponding GLDPC
thresholds are given in Table I. Next, let us consider the same
class of GLDPC codes, under the hypothesis that the (31,21)
CNs are random linear block codes from g£31’2”. The corre-
sponding expected EXIT functions are depicted in Fig. 7 (dotted
curves), and the GLPDC thresholds under p-bounded-distance
decoding are given in Table I for d € {4,7,10,31}.

The threshold values in Table I suggest the following. From
a threshold point of view, when the maximum number d of era-
sures faced by the decoder is small, it is convenient to use a
check component code with a good minimum distance, like the
BCH code. On the contrary, for a higher d, or if no bound on d is
imposed at all (d = 31, which corresponds to MAP decoding),
linear block codes must exist within g,ﬁ"*) that guarantee a

better GLDPC threshold than the BCH code. In fact, for suf-
ficiently high d, the threshold computed assuming the expected
CN set EXIT function is better than the threshold obtained with
the BCH CNss. For this specific example, the crossover point be-
tween the ensemble average and the BCH code is at d = 12.

We actually found (31,21) linear block codes for which
the GLDPC threshold is better than the ensemble average,
under unconstrained MAP decoding. For instance, we gen-
erated a (31,21) code with d,;, = 2 for which the GLDPC
threshold is ¢* = 0.51920. We also generated a (31, 21) linear
code characterized by dy;, = 3, and we found a threshold
q* = 0.51310 for the GLDPC code. This value is intermediate
w.r.t. the thresholds corresponding to the BCH code and to
the din = 2 code. The EXIT functions for the d;, = 2
and dp;, = 3 codes are those already shown in Fig. 4. De-
noting by 7'(C) the GLDPC code threshold corresponding
to the choice of component code C for the CNs, we have
T(Cherr)) < T(C) < TECC2V]) < T(Cy ).
This reveals that using weak codes as check component codes
for GLDPC codes with a uniform check structure can be
more favorable, from a threshold viewpoint, than using more
powerful codes, like the BCH codes. This fact is confirmed by
the simulation result shown in Fig. 8, in which the waterfall
performance of a (3999,1419) GLDPC code using (31,21)
BCH CNs is worse than the waterfall performance of a GLDPC
code, having the same bipartite graph, and using the d,;, = 2
code as check component code.

B. Capacity-Approaching GLDPC Codes With Hybrid Check
Node Structure

Let us first consider the problem of finding the LDPC degree
distribution with the largest threshold over the BEC and subject
to the following constraints: VN degrees ranging from 2 up to
30, CN degrees ranging from 3 up to 14, code rate R = 1/2.
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Fig. 7. EXIT function of the (31, 21) BCH code (solid) and expected EXIT function over the expurgated ensemble G{*"2Y (dotted) under d-bounded-distance

decoding, for d € {4,7,10,31}.

TABLE 1
THRESHOLDS OVER THE BEC FOR GLPDC CODEs WITH (31,21) BCH CNs
AND THRESHOLDS EVALUATED WITI(-ISI};I;:)EXPECTED EXIT FUNCTION OVER
g \ )

5

d BCH expectation
4 021915 0.21879
7 035596 0.35407
10 0.46256 0.45929
31  0.50187 0.51426

We solved the problem using the differential evolution (DE)
algorithm [36]. DE is an evolutionary, parallel optimization al-
gorithm to find the global minimum of a real-valued function of
a vector of continuous parameters. The algorithm is based on the
evolution of a population of NV, vectors, and its main steps are
similar to those of evolutionary optimization algorithms [37].
Once a starting population of N, vectors has been generated
(initialization), a competitor for each population element is gen-
erated by properly combining a subset of randomly chosen vec-
tors from the same population (mutation and crossover). Each
element of the population is then compared with its competitor :
the vector yielding a smaller value of the cost function is se-
lected (selection) as an element of the evolved population. The
mutation, crossover and selection steps are iterated until a cer-
tain stopping criterion is fulfilled.8 Introduced in [38], DE was
first proposed for the optimization of LDPC codes degree pro-
file in [39]. In this specific case, each element of the population

8n evolutionary algorithms, the weakest elements of the population are typ-
ically replaced by stronger mutant elements. On the other hand, in DE a com-
petitor is created for each vector of the population, and compared only with
that vector. Heuristically, this choice is effective to avoid that the algorithm re-
mains trapped in local minima. It is also worth mentioning the peculiar mutation
technique of DE, where a mutant vector is obtained by adding to a vector the
difference (multiplied by a scaling factor) between two other vectors.

is a degree distribution pair, while the cost function is the func-
tion returning the threshold of a degree distribution pair.?

Differential evolution was run with N, = 70, for different
initial populations. The threshold of the best found distribution
is ¢* = 0.49611, quite close to the Shannon limit 1 — R = 0.5.
The distribution is described in Table II (LDPC column).

Next, we solved the same optimization problem for a GLDPC
code with a hybrid CN structure, composed of SPC codes and
(31, 21) linear block codes. We solved again the optimization
problem with the DE algorithm, assuming the same degree con-
straints for the VNs and for the SPC CNs, and again R = 1/2.
More specifically, we separately solved the problem in the cases
where the (31, 21) CNs are represented by the binary BCH code
with dpin = 5 and by the dp;, = ¢ codes (¢ = 2,3) con-
sidered in previous subsection. We also solved the optimization
problem using the expected EXIT function over the expurgated
ensemble Q£31’2l). The optimal distribution corresponding to
the choice of the (31,21) BCH code is described in Table II
(GLDPC column), while the four GLDPC thresholds are com-
pared in Table III.

For all choices of the (31, 21) generalized CNs, the edges for
the capacity-approaching distribution are connected to the SPC
nodes with degree 9 and to the (31,21) nodes. Moreover, the
optimized distributions (both variable and check) are very sim-
ilar in all cases. The fraction of edges connected to the (31, 21)
codes ranges from about 5.73% for the d,,;, = 2 code to about
8.72% for the BCH code. Some considerations about these re-
sults are presented next.

First, in this case study it has been possible to improve the
threshold of the LDPC code by letting unchanged the constraints
on the degrees of the repetition and SPC nodes, introducing
check component codes different from the SPC codes, and prop-

9A threshold sign change is necessary, for instance, over the BEC as we look
for the global maximum.
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Fig. 8. Comparison between the waterfall performance of a (3999, 1419) GLDPC code with uniform CN structure composed of (31, 21) binary BCH codes and
a (3999, 1419) GLDPC code with uniform CN structure composed of (31, 21) linear block codes with dmin = 2. The bipartite graph is the same for the two

GLDPC codes.

TABLE II
CAPACITY-APPROACHING RATE-1/2 LDPC, GLPDC, D-GLDPC; AND
D-GLDPC, EDGE DISTRIBUTIONS

Code type LDPC GLDPC D-GLDPC;  D-GLDPC»
Variable Nodes
Rep. 2 0.281884  0.270712 0.287410 0.280377
Rep. 3 0.123242  0.168858 0.161606 0.156363
Rep. 4 0.060701
Rep. 5 0.106412  0.165958 0.293870 0.358294
Rep. 8 0.230227
Rep. 9 0.084976
Rep. 10 0.103547
Rep. 29 0.217547
Rep. 30 0.239238  0.164246 0.174163
(31, 10) 0.039568 0.030803
Check Nodes
SPC 8 0.925027
SPC 9 0.912838 0.871398 0.381799
SPC 10 0.074973 0.458201
(31, 21)-BCH 0.087162 0.128602 0.160000
Thresholds
q* 0.49611 0.49671 0.49759 0.49655
TABLE III

THRESHOLDS ¢* FOR CAPACITY-APPROACHING RATE-1/2 LDPC AND GLPDC
DISTRIBUTIONS

LDPC 0.49611
GLDPC, dpin = 2 0.49627
GLDPC, expectation 0.49639
GLDPC, dpin = 3 0.49648
GLDPC, BCH 0.49671

erly modifying the edge distribution. The presented example is
even more meaningful, since the starting LDPC distribution is
already capacity-approaching. This better GLDPC threshold has
been achieved with a relatively small fraction of generalized

CNs: the fraction of BCH CNs is about 2.70%, which results
in a small increase in terms of decoding complexity w.r.t. the
LDPC code.

Second, when considering hybrid CN structures instead of
uniform ones, using more powerful codes like the BCH codes
(judiciously mixed with SPC codes) leads to better thresholds.
For the hybrid case we obtain T(C((flz:l;) < T(E[CBL2D]) <
T(C((lslzzlé) < T(Cgéﬁ 1)), which is the opposite of what was
found for a uniform check node structure. The reason is that the
role of weak codes (necessary for obtaining good thresholds) is
now played by the SPC codes.

Third, when combined with DE, the developed technique for
the expected EXIT function of generalized CNs in Qﬁn’k leads
to an optimal distribution and threshold which closely match
those obtained for the choice of the BCH CNs. Hence, this tech-
nique can be confidently used not only for the threshold analysis,
but also for the purposes of GLDPC distribution optimizations.

C. Capacity Approaching D-GLDPC Codes

We solved the same optimization problem as that considered
in the previous subsection for a R = 1/2 D-GLDPC coding
scheme. Generalized (31,21) BCH CNs and SPC CNs were
considered; in addition, a hybrid VN set was allowed, composed
by a mixture of repetition codes with the same degrees as for the
LDPC code, with the addition of (31, 10) random linear block
codes from G*"'”). The choice of (31,10) codes as VNs was
dictated by the heuristic guideline to use codes with same length
and dual dimensions at opposite sides of the bipartite graph. The
random code approach was followed since the direct compu-
tation of the split information functions for a specific (31, 10)
linear block code, e.g., the dual of the (31,21) BCH code, is
not feasible in terms of computation time. The expected EXIT
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Fig. 9. Performance of R = 1/2 LDPC, GLDPC and D-GLDPC codes of length N = 128000 on the BEC.

function for the generalized VNs over gf’l’w) was evaluated ac-

cording to the method presented in Section V. The capacity-ap-
proaching D-GLDPC distribution obtained by DE is shown in
Table II, together with its threshold, and called D-GLDPC; dis-
tribution. Some considerations are provided next.

First, the D-GLDPC; distribution has the best threshold.
Hence, under the described constraints, using generalized VNs
together with generalized CNs increases the threshold w.r.t.
GLDPC codes, even in a case study where the GLDPC threshold
is already very close to capacity. This better D-GLDPC
threshold is achieved with a small increase of the fraction
of BCH CNs, and with a small fraction of generalized VNs.
In fact, the fraction of BCH CNs and (31,10) VNs for the
D-GLDPC; code are about 4.11% and 0.48%, respectively,
which results in a small increase in decoding complexity w.r.t.
the GLDPC code.

Second, the larger fraction of BCH CNs in the D-GLDPC,
distribution than in the GLDPC one (4.11% versus 2.70%) sug-
gests the following. The original idea behind GLDPC codes was
to strengthen the CN set, by introducing powerful generalized
CNs [12]. This approach can provide good minimum distance
properties, but the drawback is a lowering of the overall code
rate, which reveals unacceptable in many cases [18]. In the case
study under analysis, the introduction of (31, 10) generalized
VNG is able to partly compensate the rate loss due to the (31, 21)
BCH CNs. Then it is possible to use a larger number of powerful
erasure correcting codes at the CNs, with no threshold loss.

In order to support these asymptotic results, we simulated
long and randomly constructed codes, designed according to the
distributions presented in Table II. Random codes were simu-
lated, because random connections between the VN set and the
CN set are assumed in (5) and (6). For the D-GLDPC coding
scheme, the dual of the (31,21) BCH code was used at the
generalized VNs. In Fig. 9, the performance in terms of post-

decoding bit erasure rate (BER) is shown for codes of length
N = 128000. As expected, the LDPC code exhibits bad error
floor performance, due to the poor minimum distance of ca-
pacity approaching distributions [10] (for this distribution we
have A’ (0)p’'(1) = 2.015). This high error floor is not improved
when considering the GLDPC code construction. However, the
D-GLDPC code exhibits both a slightly better waterfall perfor-
mance (according to the slightly better threshold) and an error
floor which is about one order of magnitude lower than that of
LDPC and GLDPC codes. This result suggests that capacity ap-
proaching D-GLDPC codes can be constructed, characterized
by better properties in terms of both waterfall and error floor
performance than that of LDPC and GLDPC codes, and with
limited increase of decoding complexity.

Using generalized VNs enables to use a larger number of
generalized (powerful) CNs than for GLDPC codes, providing
better minimum distance properties, while keeping a better
threshold. In order to construct D-GLDPC codes with better
minimum distance properties than the D-GLDPC; code, and
still a good threshold, we tried the following approach. We ran
the DE algorithm again for the D-GLDPC distribution, with the
additional constraint of a lower bound on the fraction of edges
incident on the generalized CNs. More specifically, we ran the
DE optimization with the further constraint ppcy > pg‘iC“H. The
obtained distribution for p%; = 0.16 and the corresponding
threshold are presented in Table II, in the D-GLDPC, column.
The threshold is still better than that of the LDPC distribution.

The performance curve on the BEC obtained for a random
N = 128000 code, designed according to the D-GLDPC; dis-
tribution, is also shown in Fig. 9. We observe an improvement
in the error floor region, about one order of magnitude w.r.t. the
D-GLDPC; code, and about two orders of magnitude w.r.t. the
GLDPC and LDPC codes, with no loss in terms of waterfall per-
formance.
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VIII. CONCLUSION

In this paper, a technique for the asymptotic analysis of
D-GLDPC codes on the BEC has been proposed. This tech-
nique assumes that the variable and check component codes
are random codes. It computes the expected EXIT function for
the variable and check node decoders, thus enabling an EXIT
chart analysis. The core of this method is the computation of
the expected (split) information functions over an expurgated
ensemble of (n, k) linear block codes. The expurgation guar-
antees a correct application of the EXIT charts analysis. The
expected (split) information function computation exploits
some formulas for obtaining the exact number of binary ma-
trices with specific properties. The proposed analysis method
has been combined with the DE algorithm, in order to search
good D-GLDPC distributions. Focusing on random capacity
approaching codes, it has been shown that D-GLDPC codes
can be constructed, outperforming LDPC and GLDPC codes
in terms of both waterfall and error floor. Moreover, by lower
bounding the fraction of edges toward the generalized CN:ss,
D-GLDPC codes have been designed with significantly better
error floor than LDPC and GLDPC codes and no sacrifice in
terms of waterfall performance.

APPENDIX I
PROOF OF THEOREM 1

Let us denote by G the generic (k X n) generator matrix
of the CN. If the extrinsic channel is a BEC we have F; €
{—00,+0c0,0}, where F; = 0 corresponds to an erasure mes-
sage. Therefore

In(p) 2 %iI(Vi;Ei)

%ZH(V —~ %ZH(V,JE,;)
i= i=1

: 1——ZH Vi|E; = 0) Pr{E; = 0}

=1

Ly —ZPr{E — 0}

(30)

where (a) follows from H(V; |E; = —o0) = H(V,|E; =
+00) = 0 and from the hypothesis that the code has no idle bits,
and (b) from H(V;|E; = 0) = 1. Under d-bounded-distance
decoding, we have E/; = 0 when either the number of erasures in
W ;) is larger than or equal to d, or when it is smaller than d but
the nonerasure elements of W ;) are not sufficient to recover V;.
Denoting these two disjoint events by &; ; and &, ;, respectively,
(30) may be written as

1 & 1<
In(p) =1~ — ;Pr{gm} - ;Pr{gm}. (31)

It is readily shown that

- ZPr{SL 1} = Z < 1) pra—p)" Tt (32

=d
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To develop the third summand in the RHS of (31), let us intro-
duce the random variable 7; as the number of erasures in W[,;] s
and the set WJ; of all realizations wy;) of W[i] such that the ith
column of G (associated with V;) is linearly independent of the
columns of G associated with the nonerasure elements of wy;).
We have

Pr{fg_’i} =Pr{T; <d- 17W[i] € W[i]}

d—1

=Y Pl <d -1, Wy € Wy|T; =t}
t=0
X PI‘{TL' = t}
d—1

= ZPI‘{WM € W[i]|Ti = t}
t=0
N 1

t

d—1

:ZN’ (t)

where the last equality follows from the fact that Pr{W7; €
Wl T = 1) = N@$)/(" ). where N (i

number of realizations wy;) characterized by ¢ erasures and be-

> pra—pn

)n 1-t (33)

Ef])) is the

longing to W};) (denoted by 'ﬁ;[(it])). Let G[; be the matrix G ex-
cept its sth column. For a given realization w(it) with ¢ erasures,
let Sp),n—1—¢ be the (k X (n — 1 — t)) matrix formed by the
n — 1 —t columns of GY;) corresponding to the nonerasure el-
ements of wf ). Moreover, let us define the (k x (n —t)) ma-
trix S[Z] n_t = [S[i,n—1-¢|9;], where g, is the ith column of G.
Using (33) and denoting by ) St the summation over all
possible matrices Sfjj,,—1 ¢, We can write

%ZPr{gi,g}
1:11 d—1
:EZ N( [(;])) (1 p)nlt
1=1 t=0
1 d—1 n .
=S - YN (W)
t=0 =1
d—1

Z [rank (5[’13],“_

:13[]71 1—t

t) — rank (S[i]vn,l,t)]

— )" (= £)én_y — (t+ 1)én_1_¢).
(34

In the previous equation list, (a) follows from the fact that
rank(S[’i] ) — 1ank(Spi n—1-¢) equals 1 in correspondence

with realizations ﬁ)ijﬁ and equals O in correspondence with any

other realization w; ; (b) follows from the definition of infor-
mation function. Substituting (32) and (34) into (31) completes
the proof of the theorem.
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J n—7
M .
Al Mo 2 J
=\ | |
0 M, m—j
j independent
columns
Fig. 10. Specific matrix for the computation of the function J( - ).
U n—g
M u
0 M, m—u
N——
g

Fig. 11. Specific matrix for the computation of the function M( - ).

APPENDIX II
PROOFS OF LEMMAS AND THEOREMS OF SECTION V

Proof of Lemma 4: F(m,n,r) is equal to the total number
of rank-r (m x n) binary matrices, N(m,n,r), minus the
number of rank-r (m X n) binary matrices with at least one
zero column. The number of rank-r (m x n) binary matrices
with exactly z zero columns (z < n — ) is expressed by

(Z)F(m,n—z,r). O

Proof of Theorem 4: J(m,n,r) can be computed as
F(m,n,r) — >0_ J9(m,n,r), where JU)(m,n,r) is
the number of rank-r (m x m) binary matrices without zero
columns and with j independent columns.!0

There are (n) possible positions for the j independent

columns, and the number of choices of the j independent
columns is [[?Z5 (2™ — 2°). Hence we have

J9 (m,n,r) = <7;>

where DU)(m,n — j) is the residual number of (m x (n —
j)) binary matrices (that must have no zero columns and no
independent columns). We prove next that

j—1

H(Qm — 29 D(j)(mm —7J)

DO (m,n —j) = J(m —j.n—j,r— )27 (35)
thus leading to the recursion (19).

Since DU)(m,n — j) is independent of the position and
choice of the j independent columns, we can reason on the
specific matrix shown in Fig. 10, where the matrix A is defined.

10The summation in j can be actually always stopped at j = r — 1, i.e.,
J(m,n,r) = F(m,n,r) = 3521 J9(m,n,r), except for full-rank ma-
trices for which m > n. Since for binary (k X n) generator matrices k < n is
always assumed, for the purpose of expected information function computation,
the summation in j up to r — 1 is sufficient. This fact is implicitly used in the
proofs of Theorem 5 and Theorem 6 as well.
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A= 3]
M, g=1l 1 -l (n-9-0G-D
M. M,
M5 MG 5 6 l
B=| Ms M, M. M. j—1
My M, S IR : ’
M, 0 M, m-=J
[ —
c- Ms Mg j independent
Ms My columns

Fig. 12. Matrix for the computation of the function K ( - ).

t n—t

M

Fig. 13. Specific matrix for the computation of the function N( ).

With respect to this choice, DU)(m,n — j5) is the number of
choices of the last n — j columns.

The rank of the matrix in Fig. 10 is equal to j 4+ rank(My).
Thus M; must have rank r — j, and it must have no independent
columns. In fact, since the total rank is j + rank(M+), an in-
dependent column for M3 would be independent for the whole
matrix. Moreover, since each of the last n — 7 columns must be
linearly independent of each of the first j columns, each column
of M1 must have at least one 1. Hence, the number of M1 ma-
trices is equal to J(m — j,n— 7,7 —j). Since the first j columns
are independent columns, removing them from the matrix must
lead to a rank 7 — j, so that rank(A) = rank(My) = r — j.
Then, any row in My must be a linear combination of rows in
M. The total number of such combinations is 2/("~7). Equa-
tion (35) follows. O

Proof of Lemma 5: The function M(m,n,g,u,r) can

be expressed as F(m,g,u) (number of choices of the first g

columns) times the number of (m x (n — g)) binary matrices

without zero columns and such that the overall rank is . Since

this number is independent of the specific choice of the first

g columns, we can reason on the specific matrix depicted in
Fig. 11.

In order to have an overall rank 7, we must have rank(M;) =

r — u. Denoting by z the number of zero columns in My, the

number of M matrices can be expressed as <n ; g )F(m —

u,n — g — z,7 — u). Since rank(M7) = r — u, the number
z of zero columns in M cannot exceed s = (n — g) — (r —
w). The only constraint on My is that at least one 1 must be
present in each column of M, corresponding to a zero column
of M. Thus the number of M o matrices corresponding to a My
matrix with z zero columns is T'(u, z) 2" ~9~2)  where T( - ) is
defined in the statement of the lemma, and where 7'(u, 0) must
be set to 1 (no zero columns in M1). Then we obtain (20). [

Proof of Theorem 5: In a similar way as for the func-
tion J(-), we have K(m,n,g,u,r) = M(m,n,g,u,r) —
Z;;} KW (m,n,g,u,r), where KU (m,n,g,u,r) is the
number of rank-r (m X n) binary matrices without zero
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a n-—a

Fig. 14. Specific choice of the submatrix M ; for the computation of M’(m, n,a,b,tu,r).

j—1
M,
M,

_ | My

A=
0 M3

Fig. 15. Specific choice of the (m x j) matrix for the computation of
G(m,j.1,b,7,6).

columns, with the first g columns having a rank u, and with j
independent columns.

Let the number of independent columns among the first g
columns be [ < min{u,j}, and the number of independent
columns among the last n — g columns be j — [. The number of

possible positions of the independent columns is (g )(73 : “2] ),

l

while the number of choices of the j independent columns is
Hf;& (2™ —27). We can reason on a specific position and choice
of the independent columns. This specific choice is depicted in
Fig. 12, where the matrices A, B and C are defined. We have

K(]) (m7 n'/ .q7 u'/ /r)

_ min{zw} <?> (73 :?> lﬁ@m - zi)] N

=0 i=0

with Np defined as the number of B matrices for each choice
of the j independent columns. We prove next that the number of
[M | M 2] possible matrices is K (m—j,n—j,g—1l,u—1,r—j)
and, for each choice of [M; | M 2], the number of C matrices is
2i(r=3) g0 that

NB :2j<r_j)K(m—j7n—j7g—l7u—l77‘—j)

from which the recursion (21) follows.

The rank of the overall matrix is equal to j+rank([M1|M2]).
Consequently, rank([M1|Mz]) = r — j. Furthermore,
[M, | M2] must have no independent columns. In fact, since
the overall rank is j 4+ rank([My|M3]), any such column
would also be an independent column for the overall matrix. The
matrix [M1 | M 2] must also have at least one 1 for each column
due to the linear independence between the j independent
columns and all the columns of B. Finally, rank(M1) = u — (.

j-ln-a)-(G -1

A = [T|¥]

—_————
j independent
columns

Fig. 16. Specific position of the j independent columns, with rank(T') = ~
and rank(A) = 6.

This latter condition can be obtained in the following way.
Since rank(B) = rank([My|M3]) = r — j, each row in
C must be a linear combination of rows in [My | M3]. This
implies in particular that each row in M3 must be a linear
combination of rows in M1, i.e., rank(A) = rank(M7). The
rank of the first g columns is equal to ! + rank(A). Since this
rank must be equal to u, it follows rank(A) = u — [, ie.,
rank(M+1) = u — [. Then, the number of [M; | M 2] matrices
is K(m—j,n—j,9g—lLu—1r—7j).

Since each row in C is a linear combination of rows of
[M1|M], and since rank([My | M3]) = r — j, then for each
choice of [M; | M1] there are 2/("~7) possible C matrices. [

APPENDIX IIT
PROOFS OF LEMMAS AND THEOREMS OF SECTION VI

Proof of Lemma 6: The number of choices of the first p
rows is H;;B(Qp —27)(2" —27) /(2" —27). Since the number of
choices of the last m — p rows does not depend on the structure
of the first p rows, the specific matrix depicted in Fig. 13 can
be considered. The rank of the (m X n) matrix is given by ¢ +
rank(M3): then, rank(M2) = r — ¢, and the number of M,
matrices is H;;éfl(Zm*p —27)(2n—t—27) /(2" "t —27). Since
there are no constraints on the choice of M, the number of M
matrices for each choice of the first p rows and for each choice
of Mo is 2t(m=p) O

Proof of Lemma 7: F(m,n,p,t,r) is equal to the total
number of rank-r binary matrices such that the rank of the first
p rows is t, i.e., N(m,n,p,t,r), minus the number of such
matrices with z zero columns, for z = 1,...,n — r. There

n .
are ( . ) choices for the z zero columns. Then, the number of

rank-r (m X n) binary matrices such that the rank of the first
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! i1 (n—a)—(j-1)

M,
O-| Ms T t 3 M, 7 M,
Ms bl M, M, 5
\ M5 MG
A M5 MG
My Mio
M M,
5 M, M, 7 8
M, Mg
MS Mg 0 M10
le} { %5 } D M }
9 M,
Fig. 17. Specific choice of the (m X n) matrix for the computation of K(m, n,a,b,t,u,r).
u—Il—p
§—1 M} i M2 M, Ms| M|
Mg M ‘Ms| M|
S0
a1 (n—a)— G-

Fig. 18. Specific choice of the matrix A defined in Fig. 17 for the computation of the number of [M 3| M 4] matrices.

p rows is ¢ and with exactly z zero columns is expressed by
(Z)F(m,n—z,p,t,r). a

Proof of Lemma 8: Let M1 be the submatrix composed of
the first a columns of G, and M3 be the submatrix composed
of the last n — a columns of G. The number of M matrices
is F(m, a, b, t,u), expressed by Lemma 7. The number of M
matrices is independent of the specific choice of M. A conve-
nient choice of My is depicted in Fig. 14, where M5 is parti-
tioned into the three submatrices M3, M2, M3, and where the
matrix A is defined. In order to have a total rank r, we must have
rank(A) = r — u. Denoting by z the number of zero columns

in A, the number of A matrices is ) .7t ( " ; “YF(m—u,n—

a—z,r—u), where zmax = (n—a)— (r—u) (because we need
at least 7 — u nonzero columns for A). Since the overall (m X n)
matrix must have no zero columns, the total number of choices
for the z columns of M %, corresponding to the z zero columns
of some choice of A, is T'(u, z). Moreover, no constraint exists
on the choice of the n — a — z columns of M 3 corresponding to
the nonzero columns of A. Then, this number is 2“("=%=2) ]

Proof of Lemma 9: Since the rank of the (m X j) ma-
trix is equal to j, all its columns must be linearly independent.
Hence, the number of possible choices for the first [ columns is
ﬁ(m, l,b,7,1), with F( - ) defined in Lemma 7. The number of
possible choices for the last j — [ columns is independent of the
specific choice of the first [ columns. A convenient choice is de-
picted in Fig. 15, where the last j — [ columns are decomposed
into the three submatrices M1, M5 and M 3, and where the ma-
trix A is defined. We prove next that, for each choice of the first

I columns, the number of A matrices is F(m—1,j—1,b—~, 6 —
7, j —1) and, for each choice of the first / columns and A matrix,
the number of M matrices is 2'V=9 | thus leading to (28).
The total rank of the (m X j) matrix is equal to [ 4+ rank(A),
so that rank(A) = j — [. Moreover, in order to have a rank 6§
for the first b rows, we must have rank(M1) = ¢ — ~. Since
all the j columns must be linearly independent, A must have no
zero columns. Then, the number of A matrices is F (m—1,7—
l,b—~,6—~,j— ). Since any choice is allowed for M2, the
number of such submatrices is 2!=1. O

Proof of Theorem 6: The number of desired binary ma-
trices can be obtained as

—Zk(j)(m7n,a7b,t,u7r)

where K(j)(m,n, a,b,t,u,r) is the number of rank-r (m x
n) binary matrices without zero columns, such that the rank of
the submatrix intersection of the first a columns and the first b
rows is ¢, such that the rank of the first ¢ columns is v and with
exactly j independent columns. For each j, let [ be the number
of independent columns among the first ¢ columns, and 5 —[ the
number of independent columns among the last n — a columns.
Since the rank of the first @ columns must be u, we must have

0 <! < u. For each [, there are ( C; )(73 : (;) possible positions

for the j independent columns.
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Let us assume that the j independent columns are the last [
columns out of the first a columns, and the first 7 — [ columns
out of the last n — a columns, as shown in Fig. 16, where the
matrices I', ¥ and A are defined. Denoting by +y the rank of the
(b x 1) matrix T' and by § the rank of the (b x j) matrix A, we
have 0 < v < min{b,{} and v < § < min{b, j}.

For given v and 6, the number choices for the j independent
columns is G(m, 7,1, b,v,6) as from Lemma 9. We can reason
on the specific choice of the j independent columns depicted in
Fig. 17, where the matrices IT, A, B, C and D are defined. Let
rank(M5) = p. Since M5 isa ((b — 6) x (a — [)) matrix, and
since rank(IT) = ¢, we have 0 < p < min{b—é,a — [, t — v}.

For each value of p, the number of A matrices is equal to
K(m —Jym—j,a—1,b—8,p,u—1,r— j),as proved next.
The ((m — j) X (n — j)) matrix A in Fig. 17 must have rank
r — j, because the overall rank 7 is given by j +rank(A). It must
have no zero columns due to the linear independence between
the ;7 independent columns and all the other columns. It must
have no independent columns because, as the total rank is equal
to j 4+ rank(A), such columns would be independent columns
for the overall (m x n) matrix which contradicts the hypothesis.
The rank of the intersection between its first a — [ columns and
b — 6 rows is p. Finally, the rank of its first a — [ columns (i.e.,
rank(C) must be equal to u — [. This latter property can be
proved as follows. By removing the 7 independent columns, we
obtain a matrix with rank r— 5, which is also the rank of A. Then,
each row in the matrix obtained by removing the j independent
columns is a linear combination of the rows of A. In particular,
each row in M3 is a linear combination of the rows of C, from
which we obtain rank(D) = rank(C). Since the rank of the
first @ columns of the overall (m x n) matrix is w, it follows
from Fig. 17 that rank(D) = u — [, that is rank(C) = u — [.

The number of rows of Bis j — (6 —+), and the only condition
on this matrix is that all its rows must be linear combinations of
the rows of A, whose rank is r — j. Then, the number of choices
of Bis 2(r=)G~=0=7) that is independent of p.

The proof is completed by computing the number of
[M3|M4] matrices. We have rank(II) = ¢, rank(Ms5) =
p,rank(C) = u — [ and any row in [M 3| M 4] must be a linear
combination of the rows of A. Let us consider the specific choice
of A depicted in Fig. 18, where rank(M¢) = p. The condition
rank(IT) = ¢ is satisfied if and only if rank(M3) =t — v — p.
Each row in M3 must be a linear combination of the u — [ — p
rows of A corresponding to the I u—1—p matrix. All the possible
((6 —~) x (u—1—p)) M3 matrices can be generated with
these vectors. Then, the number of M § matrices is

t—y—p—1 (25—'\/ _ 2i)(2'u—l—p _ 2L)

Qt—y—p _ 9
i=0

Let us consider any specific choice of the matrix M g Each row
in M § selects a specific linear combination of the © — [ —p rows
of A that correspond to I,_;_,,. The other rows define a matrix
of rank (7 — j) — (u — [ — p), so there are 2[("=7)=(#=1=P)] pos_
sible choices for each row of [M3 | M 4]. Since the total number

of such rows is § — ~, the number of [Mz|M,] matrices is
ol(r—5)—(u—1=p))(6—7) O
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